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.

Cluster algebras and additive Categorification

Let Q be a finite quiver without loops nor 2- cycles

Example :

A
=
: I→ 2

. A



cluster algebra AQ = Commutative Q - algebra endowed wieh

A distinguished set of generators

the cluster Variables

grouped into subsets of fixed size

the Clusters

constructed recursively from Q using interated seed

mutations
.

If Q≡ { ' ,
2

,

n 3
,

then Aa is the subalgebra of

Q ( x , x2 ,

… xn ) generated by the cluster varicabus

Example :

Q : I → 2
,

AQ ≤ Q (x , x2 )

Cluster variables ≈ {x .
,
xz
,

☆ . ,☆ 1+ x·
m
.

了



More generally , aclusteralgebrawitncoeff
. isassociated

with an ice quiver , ie .

a finite quiver Q with a frozen

subquiver F
,

Example

λ)

N = { (
"ab0 .
00 .

) | a ,
b

.

c εε } ≤ sLs① )

consider the following functions on N

c= a : M∞O .
2

M) , x = C :M →OniM

y = ac-b : M →O 12
,

23
( m ) , E = b : M→ C

, 3
CM )

⇒C [ NJ is generatedbyix , x

'
, y

.

z 3 wien relation

xx ' = Y + E

presslands mutation

㉒ rule ㉒

~λ µ
s ⼀ λ

c

□㉙⑳
→

凹 3—
→

⑩



Λ

(2 ) Coordinate ring of Gr (
2
, 4 )

µ
←

Addictive Categorification

Rough idea : triangulated category C with a decategorification

map

cc :

objch
→Ao .

,

such that

I) < idec
. rigid object of eyn → clustervariabus



② ) { basicciustertitting objects3h→ 3 clusters 了

Constructed by :

1 ) C = CQ : Buan - Marsh- Reineke - Re:ten - Todorov ( 2006 )

for acyclic quiver .

Cc for such C. : Caldero - chapoton ( 2006 )

② ) Co
.

w
: (Amiot C 2009 ) for Jaco bi - finite quiver with

Dotential
.

CC : berksen - weyman - Eelevinsky ( 2008 )
, Palu (008)

③ ) DQ
.

w
≤ Co

.

w : plamondon (2017 for any quiver

withpotential

HealsoconstructedtheCcmapinthissetting
.

4C ) If Q is
"

Lie theovetic
"

,

C is a Frobenius Category
or( its stable category 7 contained in the category of

modules over a preprojective algebra
,

Ge : β- Lecderc-schroens



Remark :

() , ≈
)and3 ) : without coelt

.

44) : with coect
.

Aim :

Generalize these constructions to ice auiver with potential
.

Then C is replaced by a Frobenius extriangulated Category ,

namely , the tiiggs category .

2
. GinEburg functors

Let (Q
,

F ) be a finate ice quiver .

Let k be a field
,

k = R
,

Char (k)=0

Example :

②

回 3
业



Let W be a potential on Q
,

ie
.
an element in

Λ

HH 。
( KQ ) = 嬴吗

Example :

回 七

→xb ⼀

⼗

⼀

□ 3—←
a

W = cba W=Ʃ☆ - Ʃ 上

Let ( 0
.
F

,

w ) be an ice quiver with potential .

GinEburg functor :

G :
ICKF ) → TaLQ . F—
…

↑ 、
2- cy completion of RE relative Gintburg functor .



Both are complete ag path alg
.

Example
.

四0s
,

吗“0
b1 = b

*

1 = 0 al1 =b1 =¢ 1 = 0

S
.il =S = - 1 avy = |=-

…

,
t3= -2

d (s
. ) = - b

*
b d ( av ) = 2 aW = cb

d (sz) = bb
* d ( cv ) = 2cw = ba

d ( t
3) = cc

-

ara

Remark :

I
.

TheGinaburgfunctorG : TICKF) →Tr
在 .

( Q
.

F
,

w )

is the relative 3 - cy completionofKF→ kQ witn

respect to w .

( Yeung
'

( 6 )

2
.

Thus
,

G has a Canonical left 3- cy structure in the



sense of Brav - Dyckerhoff
'

19
.

wWe say that ( Q
,
F

,

w) is relative Jacobi - finite if

J (Q ,
F

,
w) = H0

(

Te
.
(Q

,

F
,

w ) ) is f
.

d
.

For simplicity
,

Weassumthat( Q .
,

E
,
w ) is relative

Jacobi - finite.

3
.

Relative cluster Categories and Higgs categories

For a dg alg A ,

We denote by

D (A) = C ( (A ) [ qis
"

]
, erived category ofA

per (A) = thiCk ( AA ) ≤ DLA )
, perfect derived Categoy of A

PVdA)⼆ EM EDLA ) 1MIKEperk 3
,perfectlyvaluedderive

category of A .



Def : The relative Cluster Category C (Q
.

F
.

w) is defned

by

C (Q
.
F

,
wn = perdπ (. )

Where

pud
.
(he . ) = { M εpra(π . ) | M 1

F

= 01

= thick < SiI : EF .
)

-

we define the folowingsublategories of per re.

f

PrFher ⼆ 3conelxi
→ x

0
) Ix :cada

X
、

—→×
。

!-
当⼼ IEperlerRa ?}

L
⼯

Copr
←
Tre ) ={ Ʃ ' cone( X 0 - →

x') f
. 1 xic addThe

.
,

是…
。

习

,

t PEperlerRe .
) }

x
0

→x '
f



proposition
,

The quotient functor πrer : per he
.

→ CCQ
,

F
,

w ) induces the

following fully faithful functors

πreilpi←ren
:prF
(
e.

)
→C ( Q .

F

,
w

)
,

T
πrecopr

*

(

The . )
: Copr[ e

. )
C→ C (Q

.

F
,

W )

Definitioneaefine Higgs Category 7-L(0 ,
F

,

W ) as

]-L (Q
,

F
,

w) =πre .
( PrF ( he

.

) Λ coprF ( Re . ) )
.



Theorem

⼩ )TheHggscategoryisanextension closed sublategory of

Co , FiwsHenve it becomes an extriangulated Category in

the sense of vakaoka - palu
.

( 2) Moreover
,

H( Q,
F

.
w
) is a FwbeniusextriangulatedCategorywit

proj - In' zobjs p =addlerhe . )

.And the relative Ginzbung alg

The . itself is a canonical cluster- tiuting object with endomophism

alg
Endr .

( Tre . ) ≡ H'
(

The . ) =
Je .
( Q ,

F
,

w)

( 3 ) The stable Category

z( Q
,F

is equivalent to

CcQ
,

w )
,

the Amiots cluster category
.

where LQiW) isobtainedfrom( Q ,
F
.

,

w ) by deleting

frozen part
.



Percehe
.r) perterrar'

picture [ ↓
puda(. ) → perFrec—→ C (Q

,

F
.

wm

□ u

⾮ ↓
Fret a→ ↓

prd (Ti⼼ ,
w ) —→ per(P(Q ,

W 1)—,
CiD

,
w ,↓

F
→8

Let E : Fw benius Cat , idemp spurt .

ε : 2- cy
,

P = Iaz - pz of E .

H
^

( ∞ ) "∞—

T : Cluster titing objert of ε ↓ [

MC E

o→ H'
点
niim
) →Fiims —

pbcayV ⽐

↓ ↓ 1 I
addTC ε 筑 ,

→
_ni …
→☆

E - ac



Remarks

1 ) under some technical assumptions ,

we also have these constructions

in the relative Jacubi- infinite setting
.

②Let
FHag= τcldgsubatesnyofCag'

0 , Fm
)
thesaneobjectsas HiQ)

~
、 exatascatgory

Then

Ddyirlag )→ Cagl Q .

F
,

w )
.

( xiao - fa chen
'

zoru )

( 3 ) Assume that Q 0

= 2 "
,

2
,

… n 7 2 Fo = { rt , r+2 ,

… n ?
.

We have the

following commutativediagram

CCloc
γH (Q

,

F
,

w )→ CQ,
F
.

w

) —
→②[x 、

t 1
,

-xt ,xre " ,…xt ]
1
l ⼀

cc ……

↓ ↓ 、 Ix : , z ,

ior

正⼆, ciww )ciwiw —
→ Q[xir …x⼀
c




