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Motivation

• G : group corresp. to a symmetrizable Kac-Moody algebra g
• N(w) ⊂ G : the unipotent subgroup of G corresponding to w
(i.e., Lie(N(w)) =

⊕
β∈∆+∩w∆−

gβ)

• Nw := N+ ∩ X̊w ⊂ G/B− : the unipotent cell corresponding to
w inside the flag manifold, where N+ ↪→ X = G/B− and X̊w is the
Schubert cell corresponding to w in X .
• There is an isomorphism between coordinate rings

C[Nw ] ' C[N(w)][D−1
wλ,λ |λ ∈ P+]

• C[N(w)] has a categorification via a monoidal subcategory Cw of
R-gmod(= the category of f.d. modules over the quiver Hecke
algebra R of type g), which respects the cluster algebra structure
on C[N(w)] i.e., the cluster monomials are simple objects.
• It is desired to extend Cw to C̃w in which Mwλ,λ (= simple
module corresponding to Dwλ,λ) is invertible.
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Monoidal categories
A monoidal category is a datum consisting of

(a) a category T ,
(b) a bifunctor · ⊗ · : T × T → T ,
(c) an isomorphism a(X ,Y ,Z ) : (X ⊗ Y )⊗ Z

∼−→ X ⊗ (Y ⊗ Z )
which is functorial in X ,Y ,Z ∈ T ,

(d) an object 1 ∈ T with an isomorphism ε : 1⊗ 1 ∼−−→ 1 such that

(1) the diagram below commutes for all X ,Y ,Z ,W ∈ T :

((X ⊗ Y )⊗ Z )⊗W

a(X ,Y ,Z)⊗W
��

a(X⊗Y ,Z ,W ) // (X ⊗ Y )⊗ (Z ⊗W )

a(X ,Y ,Z⊗W )

��

(X ⊗ (Y ⊗ Z ))⊗W

a(X ,Y⊗Z ,W )
��

X ⊗ ((Y ⊗ Z )⊗W )
X⊗a(Y ,Z ,W )

// X ⊗ (Y ⊗ (Z ⊗W )) ,

(2) the functors T 3 X 7→ 1⊗X ∈ T and T 3 X 7→ X ⊗ 1 ∈ T
are fully faithful. (⇒ ∃ canonical isomorphisms
1⊗X ' X ⊗ 1 ' X for any X ∈ T ).
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Invertible objecs and dual objects

An object X ∈ T is invertible if the endofunctors X ⊗− and
−⊗ X on T are equivalence of categories. In the case there exists
Y ∈ T and isomorphisms f : X ⊗ Y

∼→ 1 and g : Y ⊗ X
∼→ 1.

A pair (X ,Y ) of objects in T is called a dual pair if there exists
ε : X ⊗ Y → 1 and η : 1→ Y ⊗ X such that

X

idX

++
∼=
// X ⊗ 1

X⊗η // X ⊗ Y ⊗ X
ε⊗X // 1⊗ X ∼=

// X

Y

idY

++
∼=
// 1⊗ Y

η⊗Y // Y ⊗ X ⊗ Y
Y⊗ε // Y ⊗ 1 ∼=

// Y

We say that X is a left dual to Y and Y is a right dual to X in T .
A monoidal category T is left (respectively, right ) rigid if every
object in T has a left (respectively, right) dual.
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Example : monoidal category R-gmod
Let k be a base field. The quiver Hecke algebra is a family of
associative k-algebras {R(β)}β∈Q+ which categorify the quantum
coordinate ring Aq(n) of the unipotent subgroup t, where Q+ is
the positive root lattice of g (Khovano-Lauda, Rouquier).
For M ∈ R(β)-gmod,N ∈ R(γ)-gmod, the convolution product is
given by

M ◦ N := R(β + γ) ⊗
R(β)⊗k R(γ)

(M ⊗
k
N) ∈ R(β + γ)-gmod

Then the category

R-gmod :=
⊕
β∈Q+

R(β)-gmod

is a k-linear abelian monoidal category.

The unit object 1 is the trivial representation k of R(0) ' k.
If M ∈ R(β)-gmod and a morphism ε : M ◦ N → 1 is nonzero,
then β = 0 and N ∈ R(0)-gmod.
Hence 1 is the only invertible object in R-gmod and there is no
dual of M unless M ∈ R(0)-gmod.
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Real commuting family of braiders in T
We assume that T is a k-linear monoidal category.

Definition
A (left) braider of T is a pair (C ,RC ) of an object C and a

morphism

RC (X ) : C ⊗ X −→ X ⊗ C

which is functorial in X ∈ T such that the followings commute:

C ⊗ X ⊗ Y
RC (X )⊗Y //

RC (X⊗Y ) **

X ⊗ C ⊗ Y

X⊗RC (Y )
��

X ⊗ Y ⊗ C ,

C ⊗ 1
RC (1) //

'
((

1⊗ C

o
��

C .

A braider (C ,RC ) is called a central object if RC (X ) is an
isomorphism for any X ∈ T .
The category of braiders in T will be denoted by Tbr .
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Real commuting family of braiders in T
Let I be an index set. We say that a family {(Ci ,RCi

)}i∈I of
braiders in T is a real commuting family if

(a) RCi
(Ci ) ∈ k× idCi⊗Ci

for i ∈ I ,

(b) RCj
(Ci ) ◦ RCi

(Cj) ∈ k× idCi⊗Cj
for i , j ∈ I .

Then there exists braider Cα = (Cα,RCα) for each α ∈ Z⊕I≥0, an

isomorphism ξα,β : Cα ⊗ Cβ
∼−→ Cα+β in Tbr and ηα,β ∈ k× for

α, β ∈ Z⊕I≥0 such that

(a) C 0 = 1 and C ei = Ci for i ∈ I ,

(b) the following diagrams in Tbr commute:

Cα ⊗ Cβ
RCα (Cβ) //

ξα,β
��

Cβ ⊗ Cα

ξβ,α
��

Cα+β
ηα,β // Cα+β

Cα ⊗ Cβ ⊗ Cγ

Cα⊗ξβ,γ
��

ξα,β⊗Cγ // Cα+β ⊗ Cγ

ξα+β,γ
��

Cα ⊗ Cβ+γ
ξα,β+γ // Cα+β+γ
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Localization of T via {(Ci ,RCi
)}i∈I

Define a partial order � on Z⊕I by

α � β for α, β ∈ Z⊕I with β − α ∈ Z⊕I≥0,

and for α, β ∈ Z⊕I set

Dα,β := {δ ∈ Z⊕I | α + δ, β + δ � 0}.

Define a monoidal category (T̃ = T [C⊗−1
i | i ∈ I ],⊗) as

Ob(T̃ ) :=
{

(X , α) | X ∈ Ob(T ), α ∈ Z⊕I
}
,

HomT̃ ((X , α), (Y , β)) := lim−→
δ∈Dα,β

HomT (C δ+α⊗X ,Y ⊗C δ+β),

(X , α)⊗(Y , β) := (X ⊗Y , α + β).
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Localization of T via {(Ci ,RCi
)}i∈I

The structure morphism of the inductive system (δ′ � δ)

HomT (C δ+α⊗X ,Y ⊗C δ+β)
ζδ′,δ−−−→HomT (C δ

′+α⊗X ,Y ⊗C δ
′+β)

f 7→ ζδ′,δ(f )

is given by

C δ
′−δ ⊗ C δ+α ⊗ X

oξδ′−δ,δ+α

��

Cδ
′−δ⊗f // C δ

′−δ ⊗ Y ⊗ C δ+β

R
Cδ
′−δ (Y )

��
Y ⊗ C δ

′−δ ⊗ C δ+β

o ξδ′−δ,δ+β

��
C δ
′+α ⊗ X

ζδ′,δ(f )
// Y ⊗ C δ

′+β.

Then ζδ′′,δ = ζδ′′,δ′ ◦ ζδ′,δ for δ′′ � δ′ � δ.

There is a natural way to define the composition of morphisms and
the tensor product of morphisms with careful manipulation of
coefficients.
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Localization of T via {(Ci ,RCi
)}i∈I

Recall (X , α)⊗(Y , β) := (X ⊗Y , α + β) in T̃ .

Proposition

For α ∈ Z⊕I , set C̃α := (1, α). Then

1 C̃α is invertible in T̃ with an inverse C̃−α = (1,−α).

2 (Cα, 0) ' C̃α = (1, α) if α � 0 (⇔ α ∈ Z⊕I≥0).

proof of 2©: For any δ � 0, we have ζδ,0(idCα) = RCδ(Cα), which
is an isomorphism, since {(Ci ,RCi

)}i∈I is a real commuting family.
Hence it defines an isomorphism in HomT̃ ((Cα, 0), (1, α)).

HomT (Cα,Cα)

HomT (C 0⊗Cα, 1⊗C 0+α)
ζδ,0 // HomT (C δ ⊗Cα, 1⊗C δ+α)

idCα
� // RCδ(Cα).
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Universal property of T̃
Let Ψ : T → T̃ the canonical functor such that X 7→ (X , 0) (it is a
monoidal functor).

Theorem

1 Ψ(Ci ) is invertible in T̃ for i ∈ I .

2 For i ∈ I , X ∈ T ,

Ψ(RCi
(X )) : Ψ(Ci )⊗Ψ(X )→ Ψ(X )⊗Ψ(Ci )

is an isomorphsm.

3 If F : T → T ′ is a monoidal functor such that 1© and 2© hold
for F , then there exists a monoidal functor F̃ such that the
following diagram commutes:

T Ψ //

F ��

T̃

F̃
��
T ′
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Category Cw and its localization

R : quiver Hecke algebra of type g (symmetrizable KM algebra)
R-gmod :=

⊕
β∈Q+

R(β)-gmod

For each w ∈W, there exist a full subcategory Cw ↪→ R-gmod
which is stable under taking subquotients and convolution
products. One has

Aq(n(w)) ' K (Cw ) ↪→ K (R-gmod) ' Aq(n),

where Aq(n(w)) denotes the quantum coordinate ring of the
unipotent subgroup associated with w .

Proposition (Nondegenerate (graded) braiders in R-gmod)

For any simple R-module M, there exists a braider (M,RM) in
R-gmod such that RM(L(i)) is nonzero for i ∈ I , where L(i) is the
1-dim’l simple module in R(αi )-gmod. Moreover such (M,RM) is
unique up to a scalar.
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Category Cw and its localization

For i ∈ I (the index set of simple roots of g) set

Ci = Ci ,w := M(wΛi ,Λi ) ∈ Cw

where M(λ, µ) denotes the simple R(µ− λ)-module corresponding
to DwΛi ,Λi

:= ∆wΛi ,Λi
|Aq(n) (unipotent quatum minor).

Recall that {DwΛi ,Λi
}i∈I is the set of frozen variables of the

quantum cluster algebra Aq(n).

Proposition

The family {(Ci ,RCi
))}i∈I forms a real commuting family of

graded braiders in R-gmod (and hence in Cw ).
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Category Cw and its localization

Theorem
Let ιw : Cw ↪→ R-gmod be the embedding functor. Then the
functor ι̃w : Cw [C ◦−1

i | i ∈ I ]→ R-gmod[C ◦−1
i | i ∈ I ] induced from

ιw is an euqivalence of categories.

R-gmod
Qw // R-gmod[C ◦−1

i | i ∈ I ]

Cw
Φw //?�

ιw

OO

Cw [C ◦−1
i | i ∈ I ].

ι̃w'

OO

Corollary

X ∈ R-gmod belongs to Cw if and only if RCi
(X ) is an

isomorphism for each i ∈ I .
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Rigidity

Theorem
The category R-gmod[C ◦−1

i | i ∈ I ] is left-rigid, and hence
Cw [C ◦−1

i | i ∈ I ] is left-rigid.

Theorem
There is a equivalence of monoidal categories

Cw [C ◦−1
i ,w | i ∈ I ] '

(
Cw−1 [Ci ,w−1

◦−1 | i ∈ I ]
)rev

.

Corollary

The category Cw [C ◦−1
i ,w | i ∈ I ] is right-rigid and hence rigid.

Remark: The functor taking left-dual, X 7→ D−1(X ), corresponds
to the twist automorphism on Aq(Nw )(=quantum analogue of
C[Nw ]) up to an easy antiautomorphism.
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Kernel of Qw : R-gmod→ R-gmod[C ◦−1
i | i ∈ I ]

Recall Qw : R-gmod→ R-gmod[C ◦−1
i | i ∈ I ](' Cw [C ◦−1

i | i ∈ I ]).
The kernel Ker(Qw ) := {M ∈ R-gmod | Qw (M) ' 0} is a Serre
subcategory and an ◦-ideal of R-gmod, since Qw is an exact
monoidal functor.

Theorem

{self-dual simples in Ker(Qw )} = {S(b) | b ∈ B(∞) \ Bw (∞)} ,

where

Bw (∞) :=
{
f̃ a1
i1
· · · f̃ a`i`

b∞ | (a1, . . . , a`) ∈ Z`≥0 \ {0}
}
⊂ B(∞),

w = si1 . . .i` is a reduced expression of w , and

S : B(∞)
'−→ {self-dual simples in R-gmod}.
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Kernel of Qw : R-gmod→ R-gmod[C ◦−1
i | i ∈ I ]

We have a commutative diagram of functors:

Cw
Φw //

� _

��

Cw [C ◦−1
i | i ∈ I ]

' ι̃w
��

R-gmod //

Qw

))
R-gmod/KerQw

// R-gmod[C ◦−1
i | i ∈ I ].

Taking their Grothendieck groups, we have

Aq(n(w)) //
� _

��

Aq(n(w))D(wΛ,Λi )
−1; i ∈ I ]

' [̃ιw ]
��

Aq(n) // Aq(n)/Iw //
(
Aq(n)/Iw

)
[[D(wΛ,Λi )]−1; i ∈ I ],

where Iw is the ideal corresponding to KerQw .
If g is symmetric and k is of characteristic zero, then the ideal Iw
coincides with the ideal (U−w ,q)⊥ of Kimura(-Oya). And the above
diagram recovers the theorem of Kimura-Oya which asserts that
[ιw ] is an isomorphism.
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Thank You!
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