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Fact#1 [Okamoto’87]
PVI(θ) admits a W(D̃4)-type symmetry group (sk lifts wk for all k = 0, 1, 2, 3, 4)

θ0 := −(θ1 + θ2 + θ3 + θ∞),

wk(θi) = θi − θkcki, (cij) =


2 −1 −1 −1 −1
−1 2 0 0 0
−1 0 2 0 0
−1 0 0 2 0
−1 0 0 0 2

 .

F(θ) =

{
d−

(
A1
λ

+
A2

λ− 1
+

A3
λ− t

)
dλ
∣∣∣ A1 + A2 + A3 + A∞ = 0, eig(Ak) =

{
± θk

2

}}

PVI(θ) ←→ (A1, A2, A3)(θ)
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Fact#1 [Okamoto’87]
PVI(θ) admits a W(D̃4)-type symmetry group (sk lifts wk for all k = 0, 1, 2, 3, 4)

Fact#2 [Inaba-Iwasaki-Saito’04]
All symmetries sk read as the identity via the RH map
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F(θ)/Γ =θ) A(w(θ))

R(ι)/GL2(C) =ι) M(w(ι))

RH

s

RH

???

R(ι) =
{
(M1,M2,M3,M∞)

∣∣M1M2M3M∞ = 1, eig(Mk) =
{
ι±1
k
}}

For ωi = ωi(a) depending on local ak = tr(Mk) = ιk + ι−1
k = eπiθk + e−πiθk ,{

(x1, x2, x3) ∈ C3
∣∣ xi = tr(MjMk), x1x2x3 +

∑
i(x2i − ωixi)− ω4 = 0

}
coordinatizesM

and w0(a) 6= a but w0(ω) = ω, w0(x) = x.
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PROBLEM — w0

“Lift the diagram to the connection and representation spaces”

F(θ) F(w0(θ))

R(ι) R(w0(ι))

RH

?

RH

?

Fact#3 [DM-Mazzocco’24]
R(ι) admits the higher Teichmüller coordinatization

M1 =
(

0 ι−1
1 Z−1

1

−ι1Z1 ι1 + ι−1
1

)
,

M2 =
(
ι2 + ι−1

2 + ι−1
2 Z−1

2 ι2 + ι−1
2 + ι−1

2 Z−1
2 + ι2Z2

−ι−1
2 Z−1

2 −ι−1
2 Z−1

2

)
,

M3 =
(

ι3 + ι−1
3 + ι3Z3 ι3Z3

−ι3 − ι−1
3 − ι−1

3 Z−1
3 − ι3Z3 −ι3Z3

)
,

over the A3-type cluster Poisson algebra with X -coordinate set {Z1, Z2, Z3}.
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SOLUTION ON R(ι): MIDDLE CONVOLUTION

Middle convolution MCν
For ν ∈ C\{0, 1},

GL(V)p 3 M = (M1, . . . ,Mp) (N1, . . . ,Np) (Ñ1, . . . , Ñp) = N ∈ GL(Vp/U)p⊕
MCν

/

• Ni =



1 0 . . .

0
. . .

... 1
ν(M1 − 1) . . . ν(Mi−1 − 1) νMi Mi+1 − 1 . . . Mp − 1

1
...

. . . 0
. . . 0 1



• dim(U) = p+ 1 maximal at ν ∈ eig(M∞)

PVI =⇒ dim(V) = 2, p = 3 so that ν̄ ∈ eig(M∞) =⇒ dim(V3/U) = 2.

M̃ := (M̃1, M̃2, M̃3) = MCν̄(M(Z)) =⇒
{
eig(M̃k) = w0(ι±1

k )

tr(M̃jM̃k) = xi.

R(ι) R(w0(ι))
MCν̄
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THE “CANONICAL” FORM

• M̃ is highly non-canonical. Nevertheless, ∃! basis completion such that
ιk 7−→ ι̃k,

Zi 7−→ Z̃i :=
1+ Zi + ZiZi+1

Zi+1(1+ Zi+1 + ZiZi+2)
, i ∈ Z3

matches, as entry-wise action, MCν̄ .

• Moreover, Z̃i = µw0 (Zi) for the sequence of mutations

µw0 := (23)µ1µ3µ2µ1 = (µ2µ3µ2µ3µ2)µ1µ3µ2µ1

X -mutations

µ∗
kZ

′
i =

Z
−1
k i = k,

Zi
(
1+ Z−sgn(ϵik)

k

)−ϵik i 6= k,

•Z3 •Z1

•Z2
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CHARACTERIZATION #1

The sequence µw0 = (23)µ1µ3µ2µ1 is singled out by preserving the triangular quiver ▽.

Each q-Painlevé equation arises from a mutation-periodic quiver, with its symmetry
group realized in terms of mutations and permutations. Such µw0 gives the first
instance of this phenomenon in the continuous differential world.

Many sequences preserve ▽—e.g., (13)µ2µ1µ3µ2 .
▽ ∈ [A3] =⇒ finite type =⇒ geometry:{
{Z1, Z2, Z3} ←→ colored triangulation of {6}

µk ←→ flip of diagonal for Zk

• The resulting graph matches the skeleton of Ac3
• Mutation formulae match this geometry

Theorem [DM’24]
The mutation formula attached to a sequence of flips on Ac3 is path-independent. In
particular, {Z̃} arises as the rotation of π on equilateral triangulations.

In finite type, this result invites to consider colorful generalized associahedra as the
natural geometric locus for labeled seeds
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CHARACTERIZATION #2

A triangulation of {6} dualizes to a spine Γ0,4 , i.e., a 3-valent fat graph living on Σ0,4 .{
{Z1, Z2, Z3} ←→ colored triangulation of {6} ∨←→ spine Γ0,4

µk ←→ flip of diagonal for Zk
∨←→ flip of fat edge for Zk

Theorem [DM’24]
The rotation of π on equilateral triangulations of {6} dualizes to the inside-out
operation on star-shaped spines of Σ0,4 .



Current toolkit [Chekhov-Mazzocco-Rubtsov’16], that realizes analytic continuation
via (gen.) A-mutations, forbids to mutate at edges with self-glued ends. Allowing it,
we codify symmetry via X -mutations—advancing the cluster state of the art for PVI .


