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[2) DM, Okamoto’s symmetry on the representation space @ @

of the sixth Painlevé equation, (2024).
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S (A Ay A3 6,
F(G)—{d (A+A_1+A_)dA\A1+Az+A3+Am—® eig(Ar) = {+% }}

FO)/I =A0) ——  AWw(®))
RHJ lm
R(1)/GL(C) = M(e)  ———  M(w(v))
R() = {(MW,MZ,M%MOO) | MiMoMs Moo = 1, eig(My) = {Lkﬁ}}

For w; = wi(a) depending on local a, = tr(My,) = tp + ¢}, = e + e~ 7%,
{(x1,%2,x3) € C | x; = tr(M;My), xiXaXs + >2i(x? — wixj) — wy = 0} coordinatizes M
and wp(a) # a but wp(w) = w, Wo(X) = X.
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PROBLEM — Wy

R(t) ——  R(wo()

Fact #3 [DM-Mazzocco'24]
R(¢) admits the higher Teichmiller coordinatization
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over the As-type cluster Poisson algebra with X'-coordinate set {Z,2,,73}.
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Middle convolution MC,
Forv € C\{0,1},

GLVIP S M = (My,..., M) -5 (Nu,... Np) —L5 (..., Fp) = N € GL(VP/U)P

1 0
0

: 1
o Ni=|wvM—1) ... v(M_j—1) wvM My —1 ... Mp—1

1

o dim(U) = p + 1 maximal at v € eig(Ms)
Py = dim(V) =2, p =3 so that 7 € eig(Mos) == dim(V3/U) = 2.

eig(fy) = wo(s;")
tr(Mij) = Xj.

M = (M1,M2,M3) = MCD(M(Z)) = {




THE “CANONICAL” FORM

« M is highly non-canonical. Nevertheless, 3! basis completion such that
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matches, as entry-wise action, MCy.



THE “CANONICAL” FORM

« M is highly non-canonical. Nevertheless, 3! basis completion such that

Lp —> Z’k,
1+ 7+ ZiZiy
Zig (W + Zia + 2iZi12)

Z,"—)Z':: i€Z3

matches, as entry-wise action, MCy.
o Moreover, Z; = u, (Z;) for the sequence of mutations
Py = (23)papzpiapn = (papi3pia i3 paa ) pa fa3 fha f1a
X-mutations

Z Z-
— 9 03 +— o“1
Z! i=k,

HeZi = Zf(T +Zk—sgn(6;k))_5i’* ik, \.Zz/
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CHARACTERIZATION #1

The sequence pw, = (23)ppspopn is singled out by preserving the triangular quiver v.

Many sequences preserve V—e.g., (13)ua 13 042.

Vv € [A3] = finite type = geometry: @/@’Q\@\@
{{21,22,23} «— colored triangulation of {6} / \® _@_ { \
Mk — flip of diagonal for Z,, @/\/ /@\ \/\@

o The resulting graph matches the skeleton of A§ @ @ @

/
o Mutation formulae match this geometry \ @ /

Theorem [DM'24]




CHARACTERIZATION #2

Atriangulation of {6} dualizes to a spine Iy 4, i.e, a 3-valent fat graph living on g ..

{Z1,2,,Z3} <+— colored triangulation of {6} PN spine o 4
Ik “— flip of diagonal for Z, PN flip of fat edge for Z,

gw/?&

Theorem [DM'24]




Current toolkit [Chekhov-Mazzocco-Rubtsov'16], that realizes analytic continuation
via (gen.) A-mutations, forbids to mutate at edges with self-glued ends. Allowing it,
we codify symmetry via X'-mutations—advancing the cluster state of the art for Py,.



