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What we did yesterday

Idea Consider quive representations for classical groups

Let Example nEN
-

~

(Q,6) symmetric quiver ·
I
arrow-reversing involution on QoUQ

Q =

1

6(n)=161)=d

withG(Qu) =Qu, 6(Qn) =Qu

IcUQ, 6(I) =I, A: =4Q,I I =(), A =kQ/I

V =0 Vi, d =(dimVilizQo V=C d =(r)iGQo

[c4=13. { =-1,

s.:VxV-th non-deg. Eform <,):VXV +K

(v,w) iTFw

St. 2. Ivix
=

0 unless i=bij)
T

where

--



(MaN,w)+(v,M3x(w)) =0 exn
↓ (M =

-M*) hilp. Ul
cone

I

Piety RGA? RIA N =R1A 2 RCA =Nro
ugationr con
N

- 1 P
W ofhis W gN =

gig

6=01 2 6=0m

61 2 6(g =(g)*)
Question

induced

via
I

wilpotet Jordan restriction

Orbil 6aM GM canonical form

I partitions E- partitions-
GaMnREA =GM?

induced
? - via

Orbil ·MEM --1 61 box dropping restriction same
-closures GaMnREA=M? algorithm algorithm



4. Orbits (classification)
My =↳

both

Let's understand Errepresentations

Cup to6-dage of bai) steMERCAV) symmetric
Def

E) (Ma(),w) + (v, M6x(w)) =0

Fa:i-j Uvev, FwzVaj)

36() d(x)ample Q=7,-.-.-.
W 612/ den

These conditions an not so nice to
1 -1

M. =k-sk - k= b -h

artrogonal, not symplectic work with. Let's look for better

ones!
2

Mc =wIsthe id In

both



Definition Zel:rept - repA Leine

(1) M Erepresentation wit c.>
be thecontravariant functordefined

1 Jisomorphism 4: M -M
· an objects via St. 4:E4

((Mi)i, (Malc 127 Zet MINE REA Wort Y.
↓↑
duch

=> ((Mäsli,Män:Mäg-Mäntel f:MEIN GlaUs Dfor of =4

· on hous via iff (f(r), f(w)) =<r,w) kriw

(f):)=(-as)i sketch ofproof

This is a duality of categories: (1) 4 (m)(wi) =<m, wi)
il. M(m) =(m,-)
↑(m) (ni) =<m,m)

Example - identify DDM =M vie
evaluationmap

M= M. - M2 - MsMa Md

(2) (Dfo4 of (m)) (mi) =Df(408/1) (wil
-->M=M
-ms,

M2*
-Ma
M =4of(m) (f()) =<f() f(wilq

I



Detailed proof of (1) (viw) =(<w.v) =[ D4(r) /w)

Set Xi:Mi-Mc =Hom(6,,k)
mone Film):Main -K

Let 2: i -j, veMi, we Maj
wi ↳em,mi) <Ma(r),w) =

4(Ma(I) (wi
=>4i(m)(ni) =(m,m) &(DMIc (4(vi) (wi

Them Mi
12

I

&-Mit, (4(vIl(w)
X: =Tas: M* -Mail

ein - em 046i)
dea 4NdMskl (W)

-4:(m) (ni) =eve Your luil =X() (Max(w))
=(n,m)

=- (v, Macal (w))

=> 4 =24 ⑦ YoMe =(Mc o4

E "Assume 4:M- Miso, 4=[4. istue since t is howof reps.
4

[i:Min Masis); ↑

Set c, >:vxV ++ K ② (DM) =- MaxMa- Maj'
-

/(v,w) of(v) (w) 5 r. 30MSKI D
underlying vsp

V=OM;



[DW, BC] Consider night group achien
[I [YToreNERA ut 9:

How LM,DM) xArtM -> How (M, TM)

(3,0) i xpo Jop
62M =6IN 16m =EN right group action

idea (BCI]
Every ietow (M,DM)

**
invetible

-

-E- has a das arbit AutM.T.

=Zu GM =GIN, 0:MEN (show die ArtMi
-die Art- die Stabun

Claim IpEAM St. D(0op)040(8op) =4
=div How (M,DMY)-

Observation, M, D004.0 EDrinv, invertible

/DN=S4, D (40.N.)
die Stabautm"der

-]
=>DO oxNoXDO Hom(n,DM) =HowCM,BM)"0Hom(r,XMI
=DE SYo O

=[ DO04 oO S
How (M, DM)is ired. (as k-rsp)

Kea, find psth. 4
=Dpo(D00400) op

=>two such arditsmeet!

=>4 =(X00400). O i



Let's find theindes. E-reps! pot straightforward (show that Lisap)

Theorem (DW] kinj, ueht show Malu)eLI
0 =(Macul,w) weLGijLet M bean indecompolable Errep. via 0= (Malu),w) +<u, Max (wK S-

ELai)
-

One of thethree cases appears: Let LGM 3 =

↑

~indecomposable" 2M- DM *TL(1) M=L indec.
MP1=x2)

(2) M =LODL, Lindecrep, LATL (1) Diw:iso=-LSrep art c, b12
"Split Rena

M =LoL+Mine- M =L
(3) M =LOTL, Linducrep, L= TL

amified (2) Diw;not iso
idea
-

Construct iso j4j:LOTL - D(LOTL)
Alaune [DW, Leana 2.8]

= LOTL [-rp
M {-rp, LAM St. C.2/ non-deg. Lern I

=>M =LoDL 0(LoL) i
-

=>M=LOL* ([-mp decomp.) =o (inded

(L
t
=(meM/ <m,l) =0 XleL3)



6x]Example
Q:an -in

-

Mr =0-1k=k =k- 0 indes

orthogonal, not symplection

M2 =hu?sweh tu vanified
both

My =h=
kHen"meh split

both

Note:If 2= -1, every indec[-rep
rawified or split



Very brief Auslander-Relen theory
Techniques

History While proving thefirst Brauer-
· Unitting (ASS]

Thall conjecture, Maurice Auslander
(webpage Crawley. Boevey (Applet])

and Iden Reitendeveloped thenotion
· certain techniques for sting als (CBI

of "almost split sequences".
· covering techniques [60]

This led to the so-called ART.

(ASS,A, AR] =>if we are able tocalculate the

Main idea ARQ, we know all iso clesses of

Given a quiver algebra A
=4Q,I, indeas

develop theAuslander-Reiter quiver T(A):

verties =iso classes of indecs/iso

arrows I basis of space of ired. maph.



6k)Example
a:sin TheARQ

Mr =0-1k=k =k- 0 indes

orthogonal, not symplection
De
U

-

~id
M2 =hu?swth" - ↳ ramified ↑ I

I
eboth Her [ Uns

- ↳ ~6
Iste Uiy Uns

My =h=
kHen"meh split - ↳ -both Mes - 234 e Ust-We↳ e ↳ e -

Us [ Un E Us - Uz L UnNote:If 2= -1, every indec[-rep 0 - -
- 0

rawified or split proj. irg

How are theARQ and I connected?



Symmetric Auslander-ReitTheory Therep-fiile case

Lenue thefunctor is Let A be s-rep-finile, it.
HouLV,w) =How(DW,XVI

· is exact ExtIV,w) =Ext
-

(DW,DV) #indec-reps /iso L*

· seds proj. reps toing.reps

inj. reps toproeps Classify theorbits via

·

preserveralmostsplitSegeneine
*Kroll-Remah-Schwidt

--

*Symmetric ARQ
T =L

↳ indes E-reps m combinatoris

almost split

e - DN-Ph ->
te

a L N - I -
I

M
[

-
TM
-

A =4Q [-rep-finite-

- - ↳L DW
=> QDynkin type A

DEM =IDM

DIN =DM =IYN Let's look at some examples!



Example

-·- 2 Sizain 3 NO indec
Q =

L
L

* 6x)

(P =6(p)) wigt seit
E--PS
=>S splittyp

ARQ: 8* Gramisied
E=-1 The indecomposable [reps/iso are

! : U

-U ↳

-10

abus 20U

3· ↳ YY split =>"noursplit typea Us Wiz 0 Uzy
-ent

000

wieeine0010

Uns ↳indecomposableHeu

ms for every d, theclassification is

pure combinatories.



Example [=1 theindecomposable sreps/iso an

6(B 6k)

2 - 6(2) 6(1) MurU12

Q = -A ·--> d Ur0 Un

b
unon-split type

(w=6(0)) Uj0 U13

in
speit

ARQ: Ub, U23
25

us
y indecomposableUzy

-Ie[ Uns E= -1 The indecomposable [reps/iso are
↳ ~6

Iste Uiy Uns Us 0Un

↳ -- UnsUez
- 234 e Us 2350 U13-Was
-

- U moun Gspein↳ e ↳ e -
-Us ne Un E Us - Uz L Un U, 0 Uz "split type"

Us 0Uzs
2.5 Un5

Note (Aodd,1). (even, -1) non-split * Iramified-

(Aodd, -1), (even, 1) split



Example Icases
-

2 ~j (1)6()=4,6(2) =2,6(3)=3
so 6() =0,jipl=S

Q = *
... ·Y i =(5 - 8) W

1

B -
L

> -

↳ 8

·
L

wasoneoh -1 -
ARQ · M ↳

(2164) =4,6121 =3,6x1=8,d(p) =0

> - W

M
0- i1 - Lvoreine ↳ toee vorein %8> -

oh -1 - . 2
M ↳

O· ↳ DL
-

M =DM



Example [BCE] 8
we we can classity all

2 B
e

d(b) 6(x)
Q = · - - - - -- indecomposable [-reps

S 2 W 6121 d(n)

6[url=c0

6y) =j
W

ARQ
L I

in is
-- - -

13 16-.....
1 - 3 -66
.........

- ↳ 13/4 S
↑

NoteThis way, we can classify
iss

B-orbits in N' and

Fixisteine17 Bab-orbit in Nin, resp.
... I - ..

-

----343
- I What about arbit cases?
3.
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