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Introduction

Idea Introduce quiver representation theory for classical lie groups

Research still is in beginner's shoes.

But it night lead toresults in numerous directions:

us (degenerat) fleg varichis
us certain algebraic group achies on affre varieties

und Cluster algebrac

Let's introduce thetheory, example and first results.
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1. Thestarting point
Let
· UQ path algetre of Q

Let
· hit field of odd charactlistic. ·sible ideal

· Q =(Qo,Q,sit finite quiver
↳
IS Ro?IsRa
IRa arrow ideal)

~ Q finik set of volices
· A:= UQ,

Iquotient algebra
~ Q finite setof arrows

A finite-di, associative, baric,with1.
X

Sk- t()
-Relating

I=(b1 -- ,Pu)
Examples
-

sth. Ai =Edjj",
()0 =

i-i-j---5
sijs =sip, tij)=til Ve

(2) Q = L
* fe.28·- 6

Example

(2) I =(2) A :=4Q/I findime



The representation category of A
·Morphisms:Arrep hous

Definition
-

(fi: Mi -1 Mi):: M- N

repA =abelice category of Ed A-reps
sth. YazQ:

· Objects:M=( (Miliza. (Malata)

4 Mifd hrsp Maia,
A

Mtx)

4 M2:Mscy -> Macal lilinear dfsc C ↓fik)

NSK1 -> NEI
St. [dryE B =110 .-0x2

j A
=>M=M10 -0x ample

=>Edr M =

0 Ma 2 Me
k - K -> 43 3Mo

Trelations are fulfilled) ↓n Co Ifz C ↓fs G
Example ↳2 ·CNR -> -> ve
- Na N

A

Q: =-rFk fzoMa =Naofrs fsoM =Njofs
:

↳ tens 1,8) fsMs =Nsofz,

(888) =0



The representation variety

Let v =0 V,graded krusp

Common goals
itQ (1) Undestand the orbits
↓= [diliza di=dim Vi

dimensionvector
6M: =4gm 1ge6]

Definition
-

/Gorbits in RaA e iso classes inMPA.I
&HomLVsk,VEcs) I

ofdirector d
<Q

Ulclosed We call both M

RA= =RIA,V)

Matt (gM:genMagic
() Understand their Zanibi cowe

EM ERAA

62 : =GN):=a0L(Vi)
Many result known, in partIf

A rep-finite (Hinder/iso <0)



-



Kruglyak 1979 „Representations of free involutive quivers
Roiter 1979 „Bocses with involution“
Sergeichuk 1979 „Representations of simple involutive quivers“
                   1983 „Representations of orschemes“ '
                   1988 "Tame collections of linear maps, symmetric, skew-symmetric and bilinear forms“

Magyar-Weyman-Zelevinsky 1998 „Symplectic multiple flag varieties of finite type“

Shmelkin 2006 „Signed quivers, symmetric quivers and root systems“

B.-Cerulli Irelli-Esposito 2019 „Parabolic orbits of 2-nilpotent elements for classical groups“ 
B.-Cerulli Irelli 2021 „On degenerations and extensions of symplectic and orthogonal quiver 
representations"
B.- Cerulli Irelli 2022 " Symmetric degenerations are not in general induced by Type A degenerations“

Derksen, Weyman 2002 „Generalized quivers associated to reductive groups“

History/State of theart / Literahore

⑪ (DW]

⑭ [B(E]
④ (BC]

⑰

(BC2]



2.Symmetric representation theory Let V=0 Vi =(dili dimvector
iCQo

Let Q:(Qo,G, sit] be a firit quiver Ga GORIA via base change.

together withan arrow-reverring Let us fix some data:

involutions on QUQ. St. · [{ =13

6(Q) =Q., 6(Qn) =Q · c,3:VxV- K bilinear form sth

Example 4 s, I non-degenerate-

a =
L B 6111 6k 6(3) =3

-form
--------
- 2 I 612 6(r) ↳[[v, w) =(w,v)

I

Lu 22 6k2) d(21)R =
W

R. by=j -. (vix =0 unless i=sj)·- s -*

1 2 W 612) d (n) 6(r)=

Let UQ path algebra Now we are able todefine
WI

I advissible 6(I) = I) symmetric representations.

Then A
6 A algebrawith- I

11

isomorphism
UQ/I



Type A representations symmetric representations Types B,C,D

-E-rep

"symplactic S=- 1

-ortogonal 2=1

RA REA
is ii

a.Hau(VsIn, VE(4) 2 RCA,V) 2R(A,V) = =( M1 <MeN),w) =- (,M6x))FC]
VarijveViXwevaji

change ob =1M=-M*

r basis ↳ adj.worf,3

(gili. (Mal
=197xMagil

↳17

i6L(Vi) -3 G(V) 2 6(V) i =(y(g =(8) y
icQ g

! !
E6d 61



GOAL Try to understand (M+ RIA)

MANY resultsknown, importif A rep-finite (Aindece/ic (0)
d ?

Orbits 16a.M =4gM1gz6d} < > 62.M =(gM (gz62]
M interrelation M

Orbit -M =inGE.N [
?
> M

closures



3.Motivation
deduce

IN GENERAL: TypeA es Types B,C,Dknowledega
Inparticular

(1) Algebraic groupactions, e.g.

TypeA 6Ln D 6 clanical Types B,CD

u d

(* -

-
1B0 ↳ 2 BrG

b tie deconjuga
Nich 2 ~' lie6

(N"in?0]

Classification via reptheory 2 via symmetric rep theory
·-to...
- 2=0->. ....- --

..........

arbits, closures... not enough result knor! [BCE]



12Linea degnerations of fly vaiches (Culitelli,Fug Fegir,Farier, Renate 2017)I

TypeA Q =i-
... - Analogy, Types B.C,D

↓=(n+1,n+1, - - - ,n+1) 1 = (2n, ..., 2n)
-

<FFERS V =CN
+1

61 62 6 6

D S 2 b

: Y - RakQ proj. I : y -> na
↑

Gdrequir
Fe(V)i sypeoplete-8

d Tag ver

T
-

(M) · M
i (M)

&M

quiver Grassm. abere Zugregion quiver
=>lineardeg. of Grasmanic

leg variety

Results:Geometric propolis I Fist step:Understed Gorbit +their dosues

e.g. irred. low, flat looks, ... in RUQ
in teres of Idy
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