
Classitying subcat' sofNoetherian algebras

Yuta kimura よ . w .

O
. Iyama

57 Intro
$ 2 Noeth

. alg .

$ 3 Serre subcat ' s

54 Torsion classes

57 Intro

A : Noeth ning

modA : fin
. gen .

left A - mod

Problem Classily
" good

"
subcat ' s

of modA

"

good
"
se Serre

,
torsion

,

torsion
-tree

{ serve subcat
.

of modA } : poset by incdusion

Def eEmodA

( 7 ) e is fac - closed

: ⇒C サ X inmodA. CEE

⇒ X ε E



( 2) e is sub - closed

:⇒ X 4 C in modA cee

⇒ X ε e

( 3 ) e is ext - closed

: ⇒σ →× → Y + 2 toexin modA

X
.

Z ε E ⇒ YEe

(4) e is called

s Serre subcat
.

it it is ext
.

fac
.

sub - closed

。 forsion dass if it is ext
,

fac - closed

0 forsionfree class if it is ext
,

sub - dosed

sevre A : the set of Serre subcat's of modA

torsA . torsionclasses

tonfA : ～ torsiontree dasses ～

E
poset byinclusions



Case 7 : A is comm ring

Spel ( A) : = { εSpecAlPa 9 inspecAn⇒pEww }
E specialization closed sabset

Thmi Let Abe a comm
.

Moeth
. ning .

(a ) [ Gabriel ' 62 ]

serneA→ Spel ( A )Supp

Supple) : = U SuppX
.

XEe

e EmodA SuppX
: = { pespecA /Xpt0}

Serre

(b ) [Takahashi '

08 ] mP( SpecA)

tortA → {subse+ of SpecA }
Yts

(c) [ Stanley -Wang 'n ]
torsA = serreA



serveA = torsA torfA

もSupp D も Ass

Spl( A )PlS)
(- ) E

complementinSpecA

et . = { XemodAl Homa (c .

×) = 0 rcce}
e EmodA

Aim 7 Generalize Thm ? tor non -comm

algebras

Case 2 : A is tin
.

dim .alg

Rmk A : Noeth ring

( _) 人
8 fors A → forfA

.

(

]σ ( -]= IdtorsAー
二 (一 )

t ) tat) = IdtortrA: fin . dim. alg ⇒



Thm 2 Le+ Abea tin .

dim alg

sim A : = { simple A -modi }=
(a) serreA → P (simA )

e ensimA

( b ) [ Adachi - Iyama - Reiten ' 14 ]

f . torsA : = {"functorially finite
"
torsion class}

E torsA

ftorsAT{ basic supp . t

. + ilting A-mod}=
U

{ tilting }
( 6) [ Demone + - Iyama - Jasso ' 18 ]
# +orsA s∞ # ftorsAc ∞

⇒ ftorsA = torsA

Aimz Generalize Thm 2 tor Noeth . aly
(a ) ( c) [ Fyama - Kimura ]



(b) by [ Kimura 120 ]

52 Noeth . alg

R : comm .

Noeth
. ning

e上 A : ring .

I : Noetherian R - algebra
:⇒ aning hom ψ : RT Λ s

.t
.

Ψ ( R) ε z ( 1) and AREmodR

Example ( 7 ) A = R

( 2) R : field I : fin . dim
.

R - alg .

{ Noeth alg} 2 { comm .

Noeth .ning}fin
.

dim
. alg

(3 ) Path algebra RQ tor a tinite
acyclic quiver

Let I be a Noeth
.

R - alg .



Def peSpecR

. kp := Rp/pRp field

s Ap : =RPDK ←ー Noeth Rp -alg

0 kp Λ : = kpDAR fin . dimkp - alg

( ≈ AppAp 《 Ap )⇒ mod kps ≤ mod Ap

Idea Study torsA by using torskph

For pESpecR .
constict maps

(- ) nmodkph
torsh → tors Ap→toret

)
p

kph

Def e ≤ mod Λ peSpecR

ep : = { Xpl × ce } EmodAp



Lem 3 enep induces poset morph ' s

torsA→ tors Ap
serre A serre Ap
torfA tort Ap

s e : ext - closed ⇒ Ep : ext - closed

fac fac

sub sub ll

Lem 4 と ≤ mod Ip ( p ε SpecR )

e →en modkpA induces posermorphis
tors Ip → torskps
serre hp sservekph
torfIs → torfks ll

s $P : torsI → torsAp → torskps
e epnmodkps

( same tor Serre
,
torsion free )



Def

い ) 互
t

: tors Λ → π tors kps
PESpeck

e→ ( φ p (e ) )
pespeck

(2) 再Ψ : tort Λ → 治 torlkp Λ

( 3 )Bs :serreΛ → 5errekps

IR ( Λ) : = π torskps
PESpecR

FR
( 2 ): = 台 torfkph
$
k
( ^ ) : = 台 serrekph

(- )→
serves ≤ torsI tortL

↓ し車士 .Ie
$R ( 2 )

K

( ^r)≤ → E( α)(
- )
+

～

anti - isom



∞ π ( A ) ∂ ( xP) p .

(YP )
p

(x")
p ≤ ( Yo) p 問⇒ tPEYP FP

⇒ I
∞
are poset morph '

s

Thm 5 [IK ]

(u) 車ε : torl Λ→1 (1 )is isom

( b ) Isaneposetembedding
ie

. 巨 (e ) ≤ I(e' ) ⇒ と( e
.
e

'

ftorss

1

)
11

(*) kpeSpeck , Ap is Morita equiv to[
a local ning ]
( e . g .

A = R )

⇒ 0 kps ≥ lpApMritaloalring
a forskph = tont kps = sernekps



= { 0
.

modkps }

a s : 口 (Λ ) → P (SpecR)
~

(e')
p
→ { plep =modkps }

Corb Assume (*)

( a ) serres = tors L

( b ) Ʃmt ÷ spcl ( R )

( c) 車sσ = Supp . st ) (0 画f = Ass 11

serreI = tors Λ ④tont 2

も= ↓士 =

Im ±sIm=

t=s

逅皆
se)p

SpcllR )plspeck'G ) c
{plep= 0 }

A =R ⇒ Thm 7



S 3 Serre sub

Recall 6
「 hm 2 (a)

serrekps→ p ( simkps)
~

e ensimkps

Le+ Simp ( 2] : = U simkph
PESpecR

⇒ $ k ( 1)→ Simp ( α)
～

Le ') p → 台 ( e 'n simkpr)
⇒ serre はs $ R( Λ)A Simp ( ^ )

し

Im ( 2 σ 王 s) ≤ Simp (Λ )
?

Def

(7 ) SEsimkpAT Es ' im kat

S ≤ T : ⇒: p 29 and



S is a sublactor ofT
in mod Ap

[Ap → Iq ⇒ modlp ← modAq ]品 品 T 个
mod kps mod kgs

学 片

Then (Simp (2)
.

≤ ) is poset .

(2) WE Simp
( I)is a down - set

i4 TEW
.

SET ⇒ SEW

Thm 7 2 o 8 s : serreI → Simr (Λ)

induces

serres → {down -setof Simntsi}

I = R ⇒ Thun ? (a )



Example k : field

R = k 4x円 コ (x ) =m

SpecR = { 0
.

m } K : = Ro = k (lx )

α = () : Nocen B -alg"

a km Λ= 1/ms = ( RImRlmulmrkm )
=

k ( て Ʃ彡KαB . Bα7
sim knA = { ( 台 )

.

( q ) }
"

s .

"

sz

∞ ko Λ= 0 = ( RoRRo ) = (災) = Matz (k)
simk .a = { ( 炎 ) }

片
K = k ((n)

.
so S
. Sz ave sublactor of

T in mod A : e . S
、 ≤ T

.

S
2
÷ T



⇒ simr ( a ) = {焉 s
.

}

⇒ { down - sex of Simr (r) }

Simp ( A)
二

]{ Si } ×
{ 823

Ψ

2 serres




