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Schubert polynomials and reduced pipe dreams

Schubert calculus for G/B

@ (G: a connected, simply-connected semisimple algebraic group over C,
@ B C G: a Borel subgroup,
@ B7: an opposite Borel subgroup.

Let
G/B= | | BuB/B= | | B-wB/B
weWw weW

be the orbit decompositions of G/ B, where W is the Weyl group.

Definition

For w € W, the Schubert variety X,, and the opposite Schubert
variety X" are defined by

e X, :=BwB/B C G/B,
e X"¥ =B wB/BCG/B.

These are irreducible normal projective varieties.
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Schubert polynomials and reduced pipe dreams

Schubert calculus for G/B

Let wog € W denote the longest element. Then we have [X"] = [X ] in
H*(G/B;7Z).

Properties

° H*(G/B;Z) = Y yew LXuw] = X pew ZIX"],
o [XY]-[XY] =) ew CunlX¥] for some ¢y, € Z>o.

Aim (of Schubert calculus)

to compute ¢y, explicitly.

Approach

to realize [X™] as a concrete combinatorial object.

If G =SL,+1(C), then [X*] for w € W ~ S, 41 is represented as a
specific polynomial &,,, called a Schubert polynomial.
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Schubert polynomials and reduced pipe dreams

Schubert polynomials

For1 <i<mnand f € Z[z1,...,Tnt1], the divided difference operator
0; f is defined as follows:

Oif m f—sif

)
Ti — Ti41

where s; := (i i + 1) € S,41 acts on f as a permutation of variables.

Definition (Lascoux—Schiitzenberger 1982)

For w € Sj,4+1, the Schubert polynomial &, € Z[z1,...,z,+1] is defined

by
Sw =05 -0, (ljllxg_l "t Tn),

where (i1, ...,4,) is a reduced word for w™twy € Spy1.

Under the Borel presentation H*(GL,+1(C)/B;Z) ~ Z[z1, . .., xnt1]/J,
we have [X"] = &, + J for all w € Sy 4.
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Schubert polynomials and reduced pipe dreams

Reduced pipe dreams

o Y, ={(i,j)€Z?|1<i<n, 1<j<n—i+1} whose elements
are arranged as
((n,1),(n—1,1),(n—1,2),(n —2,1),...,(1,n —1),(1,n)),

44 =(i1,...,in) =(1,2,1,3,2,1,...,n,n—1,...,1).
Let PD,, denote the set of subsets of Y;,, and associate to each D € PD,,
a sequence kp = (k:l,...,k‘|D|) with 1 <ky <--- <kp <N by
arranging 1 < k < N such that the k-th element of Y}, is included in D.
Then we set w(D) = WoSiy, * Siy, , Wo-

e D=10,2).0.3), 2.2)] EPP,
b }2{) - (31 i‘/ 6)
WD)=W, 5,5, W,
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Schubert polynomials and reduced pipe dreams
Reduced pipe dreams

Definition (Knutson—Miller 2005)

@ An element of PD,, is called a pipe dream.

@ A pipe dream D € PD,, is reduced if (i, ... ’ilel) is a reduced
word, where kp = (k1,...,kp)).

e RP(w) = {reduced pipe dreams D with w(D) = w™1}.

€2 PP, (Wx5) H—++ O— -+
RPL6) N“(;?f ﬁm)

R s
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Schubert polynomials and reduced pipe dreams
Reduced pipe dreams

Theorem (Billey—Jockusch—Stanley 1993 and Fomin—Stanley 1994)

For w € Sy,41, the following equality holds:

DeRP(w)

&2 n=3  e4 N=2

G}nh - )ZED = 7(1767,.

G Ty, = 7@@9‘}‘)([@3:: x4+,
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Schubert polynomials and reduced pipe dreams

Gelfand—Tsetlin polytopes

@ P, : the set of dominant integral weights,

@ P, : the set of regular dominant integral weights.
For A € Py, the Gelfand—Tsetlin polytope GT'()\) is defined to be the
set of (agl),ag ), gl), (3 ),ag),aél), .. .,agn), .. .,ay(ll)) € RV satisfying the
following inequalities:

oV o) . oD
o

(0) 2— <}\ ﬁl> - agn_l) agn_l)

I1£2<k

e GT(\) is an integral convex polytope for all A € Py,
e GT()) is N-dimensional for all A € Py .
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Schubert polynomials and reduced pipe dreams
Kogan faces and dual Kogan faces

Definition (Kogan 2000)

A face of GT'(X\) given by equations of the type a;” = a; " (resp.,

a,(j) = a,(ClHl)) is called a Kogan face (resp., a dual Kogan face).

0 _ D)

We associate to each D € PD,, a Kogan face F)5(GT'()\)) and a dual
Kogan face Fp(GT(N)). Vv
Fy/ (6T ()

e N=2 , b= E}J ~P
NN @
Ho}(m ﬁace cJuul K“?an ﬁuce |

OV(OJ OV“) @/lﬂ) a{(l’) a/lo) a/(o)

alt"\ W‘J aul '{; P
O " -
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Schubert polynomials and reduced pipe dreams

Polytope rings

e Z: the semigroup of convex polytopes in R,

o G(Z): the Grothendieck group of .
An element of G(Z?) is called a virtual polytope. For ¢ € R>( and
Q € P, define cQ € & by cQ = {cx | x € Q}; this induces an R-linear
space structure on G(Z?). Let A C G(Z?) be a Z-lattice of finite rank
such that the N-dimensional volume Voly induces a homogeneous
polynomial voly of degree N on A ®7 R, called the volume polynomial.
Then we define a Z-algebra Ry, called a polytope ring, by

Rp == Sym(A)/J,
where J is the homogeneous ideal of Sym(A) given by
J ={D € Sym(A) | D - voly =0},

where Sym(A) is regarded as a ring of differential operators on R[A ®z R].
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Schubert polynomials and reduced pipe dreams

Polytope rings

Let @ € & be an N-dimensional smooth integral convex polytope, and
A C G(2?) the Z-lattice generated by all integral convex polytope
analogous to Q.

Theorem (Khovanskii-Pukhlikov 1993)
The polytope ring Ry is isomorphic to H*(X(Q);Z).

Since GT(A + p) = GT(X) + GT(p) for all A\, u € Py, the map
Py P, Ao GT(N),

induces an injective group homomorphism v: P — G(Z?), where P
denotes the weight lattice. Then let Ry = Sym(Agr)/Jor denote the
polytope ring associated with Agr = ~v(P).

Theorem (Borel presentation; see Kaveh 2011)
The polytope ring R is isomorphic to H*(SLy,+1(C)/B;Z).
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Schubert polynomials and reduced pipe dreams
Polytope rings

For A€ P14 and € = (€1,...,€6,) €Z" suchthat 0 = ¢; < €3 < -+ < €p,

we define a smooth integral convex polytope é\fe()\) to be the set of

(agl),ag ), (1),(1( ) ag ), (1),...,(15”),...,@7(11)) € RV satisfying the

following inequalities:
o\ + e >ad™ > )] foro<i<n-land1<j<n-—i.

€& G=gL;(¢) .
6T () GTg¢ )

—

cingulor vertex /

b X(GT ) — X(GTO) - snell reco|usion
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Schubert polynomials and reduced pipe dreams

Polytope rings

Let Rz = Sym(Ag7)/Jg7 be the polytope ring for the Z-lattice Az
ggﬂerated by all integfravl convex polytopes analogous to é\fe()\). Since
GTe(A) + GT(p) = GTe(A + ), we have Agr C Az

Proposition (Kiritchenko—Smirnov—Timorin 2012)

There exist

@ a Z-module M’G‘T,GT'

@ a surjective Z-module homomorphism 7: Rz — ar.cr

@ an injective Z-module homomorphism ¢: Rgr — M@‘T,GT
such that
o if m(f') = «(f) and m(g’) = 1(g) for some f’, ¢ € Rz and
f,9 € Rgr, then it holds that w(f'g’) = «(fg),

o (D mod Jgr) = (D' mod Jgz) for all D € Sym(Agr), where
D" € Sym(Ag7) is the image of D.
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Schubert polynomials and reduced pipe dreams
Polytope rings

For D € PD,,, we set
o [FY(GT)] = m([FY(GTN)]),
o [Fp(GT)] :=m([Fp(GTe(N)]),

which are independent of the choices of € and .

Theorem (Kiritchenko—Smirnov—Timorin 2012)

For w € W, the cohomology class [X"] = [Xyyw] in
H*(SLn+1(C)/B;Z) ~ Rgr — Mgz . is described as follows:

[xX¥]= ) [F¥GDI= Y [Fp(GT)]

DeRP(w—1) DeRP(wowwo)
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Schubert polynomials and reduced pipe dreams

Aim of this talk

Problem
Generalize this story to other Lie types.

—

Billey-Haimann (1995) and Fomin—Kirillov (1996) introduced several kinds
of Schubert polynomials for other classical types.
to discuss generalizations of reduced Kogan faces and reduced dual Kogan

faces through Kashiwara's crystal bases.
More precisely, we give the following relations:

reduced Kogan faces Demazure crystals,

reduced dual Kogan faces <——— opposite Demazure crystals.

.
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String polytopes and semi-toric degenerations

Borel-Weil theory

G': a connected, simply-connected semisimple algebraic group over C,
B C G: a Borel subgroup,
I={1,...,n}: an index set for the vertices of the Dynkin diagram,

P, : the set of dominant integral weights.

Theorem (Borel-Weil theory)

There exists a natural bijective map
P, = {globally generated line bundles on G/B}, X+ Ly,

such that H°(G/B, L,)* is the irreducible highest weight G-module with
highest weight .
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String polytopes and semi-toric degenerations

Crystal bases

o {G3P(b) | b€ B(\)}: the upper global basis of H(G/B, L)),
o {G"P(b) | b€ B(co)}: the upper global basis of C[U™], where U~
denotes the unipotent radical of B~.
The index sets B(\) and B(co) equipped with the Kashiwara operators
{é;|ieT}U{f;|ieI} are called crystal bases. Define I-colored
directed graph structures on B(\) and B(c0) by

b5 b if and only if b = f;b.
If G = SL3(C) and A = w; + wy, then B(\) is given by

2 2

O—>0 —>2o0
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String polytopes and semi-toric degenerations

String parametrizations

e R(w): the set of reduced words for w € W,
o wy € W: the longest element.

For b € B(A) (resp., b € B(o0)) and @ = (i1,...,in) € R(wy), define
®;(b) = (a1,...,an) € Zgo, called the string parametrization, by

a1 = max{a € Z>q | &b # 0},
ag ‘= max{a c Z>0 | 6% eMp 75 0}

121

ay ‘= max{a S Z>0 | ~;lN ~ZJ\7V 11 . ~a1b 75 0}
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String polytopes and semi-toric degenerations

String parametrizations

If G = SL3(C), A\ =wi +wy, and 7 = (1,2, 1), then the string
parametrizations ®;(b), b € B(\), are given by

(1,0,0) —— (0,1,1) —= (0,2, 1)
(0,0,0) (1,2,1)
(0,1,0) (1,1,0) (2,1,0)

Naoki Fujita (The University of Tokyo) Schubert calculus from Demazure crystals Nov. 13, 2020 21 /56



String polytopes and semi-toric degenerations

String polytopes

We set
= |J {(k,®i(b) | b€ B(kMN)} C Zso x ZV,
k€Z>0o
C; () : the smallest real closed cone containing S;(A),
Ai(A) = {a € RY | (1,a) € C;(N)}.
The set A;()\) is called Berenstein—Littelmann—Zelevinsky’s string

polytope. If G = SL3(C), A = w; + w9, and ¢ = (1,2, 1), then the string
polytope A;()) is given by

as
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String polytopes and semi-toric degenerations

String polytopes

For A € P, the string polytope A;()) is N-dimensional. Let C; C RY
denote the smallest real closed cone containing A;(\), which is
independent of the choice of A € P, and called the string cone. Then

we have
;N ZN = CI)'L(B(OO))v

and the string polytope A;(\) is given by cutting C; by the following affine
inequalities:

aj S <)\, h1k> — Z <o¢ij,hik>aj for 1 S k S N.
k<j<N

For 1 <k < N, let Fi,(A;(\)) denote the facet of A;(\) given by

ar = (Mhi) — > (o) hiay.

k<j<N

Naoki Fujita (The University of Tokyo) Schubert calculus from Demazure crystals Nov. 13, 2020



String polytopes and semi-toric degenerations

Semi-toric degenerations of Richardson varieties

o X! =X, NX": the Richardson variety for v,w € W with v < w,
@ By,(A) € B(A): the Demazure crystal for X,, C G/B,
e BY(\) C B(\): the opposite Demazure crystal for X C G/B.

Theorem (Caldero 2002)

For ¢ € R(wp) and X € P, there exists a flat degeneration of G/B to
the normal toric variety X (A;()\)) corresponding to A;(A).

Theorem (Morier-Genoud 2008)

Let 4 € R(wg), A € Py, and v,w € W such that v < w.

(1) There naturally exists a union A;(\, X)) of faces of A;(A) such that
AN X2)NZN = &,(By(N) NBY(N)).

(2) The Richardson variety X degenerates into the union of irreducible
normal toric varieties corresponding to the faces of A;(\, XV).
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String parametrizations of opposite Demazure crystals

e String parametrizations of opposite Demazure crystals

Naoki Fujita (The University of Tokyo) Schubert calculus from Demazure crystals Nov. 13, 2020 25 /56



String parametrizations of opposite Demazure crystals

Relation with Lusztig polytopes

For i € R(wy), let b;: Z%, — B(co) denote the Lusztig parametrization.
Since b; is bijective, we obtain the inverse map Y; := b;': B(oo) — Z4,,
which induces a parametrization Y;: B(\) — Z%,. Replacing ®; by YT; in
the definition of string polytopes, we obtain the Lusztig polytope Kz(A)
Define Q; x: RY — RN, (t1,...,tn) = (t],...,thy), for A € Py by

thi=(\hi) —te— > {ai,hy)t; for 1<k <N.
k<j<N

Theorem (Morier-Genoud 2008)

For ¢ = (i1,...,in) € R(wg) and X\ € Py, the equality
2u(8:(N) = Ai- (V)

holds, where 2* = (i},...,4}) is given by wo(cy) = —a; for i € I.
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String parametrizations of opposite Demazure crystals

Relation with Lusztig polytopes

For A € Py, the smallest real closed cone containing 31()\) is RY,, and

the Lusztig polytope 31()\) is given by cutting ]Rgo by some affine
inequalities depending on A. Under the unimodular transformation

Qin: Ai(N) = Ay (N),

the facet Fj(A;(A)) of A;()) corresponds to the facet Fr(Ag(N)) of
A+ (A) given by ai = 0. If we set

A (A, XE0W) = Q5 (As(\, X3)),

then we have

~

Age (N, X2 A ZN = Ty (Bugu () N B ().
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String parametrizations of opposite Demazure crystals

Relation with Lusztig polytopes

For k= (ky,...,kg) with 1 < k) <--- < ks <N, we set

Fie(Ai(N) = Fi, (Ai(A) 00 Fy, (A (A)),

Fe(Ai(N)) = Fr, (As(N) N+ N Fi (As(N)).

Similarly, we define a face Fk(R]ZVO) of R]ZVO. Forw e W, let

By (c0) C B(co) denote the Demazure crystal. Then it holds that
® Y§(By(0)) is a union of sets of the form Fp,(RY)) N ZY,
o A;(\ X,) is a union of faces of A;()\) of the form Fi(A;(N)),

is a union of faces of A;(\) of the form Fr(A;(N)).

(]

>
=

>

<
\5\_/
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String parametrizations of opposite Demazure crystals
First main result

For i = (i1,...,in) € R(wp) and w € W with £ := {(w), we set
R(i,w) = {(k‘l,...,kg) ’ 1<k <---<k <N, (ik1;-~-7ik2) S R(w)}

Let G = SL4(C), i:=(2,1,3,2,3,1) € R(wp), and w := 153 = $351.
Al

Then we have R(¢,w) = {(2, ,5),(3,6),(5,6)}.

)

Theorem (F.)
For 2 € R(wp), w € W, and A € Py, the following equalities hold:

A\, XY = U Fr.(Az(N)),
EeR(3uw)

AnXw) = |J  FeBi).

keR(i*  wow)
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String parametrizations of opposite Demazure crystals

Relation with quantum nilpotent subalgebras

For w € W, Kimura (2012) proved that the quantum nilpotent subalgebra
U; (w) is compatible with the upper global basis and we have

AU, (w)) C By-1(0).

For ¢ = (i1,...,in) € R(wyp), it holds that
Ti(By1() = |J  F®)nzW.
keR(i* ,wow—1)
If (i1,...,1) € R(w), then we have
(41,...,N) € R(#*, wow ™),

and the face Fiy1 . ) (Rgo) corresponds to the set Z(U, (w)). More
precisely, we have

Y;(b) = (c1,...,¢0,0,...,0)
for b € #(U, (w)), where (c1,...,cq) is the PBW-parametrization of b
associated with (i1,...,iy) € R(w).
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String parametrizations of opposite Demazure crystals

Relation with dual Kogan faces

Let G = SLy+1(C), and
ia:=(1,2,1,3,2,1,...,n,n—1,...,1) € R(wy).

Theorem (Littelmann 1998)

For A € P, the string polytope A;, () is unimodularly equivalent to the
Gelfand—Tsetlin polytope GT'(A).

Under the unimodular affine transformation A;, (A\) >~ GT'(X), the faces
Fr(A;, (N), k € R(ta,w), correspond to the reduced dual Kogan faces
Fp(GT(X)), D € RP(wowwy).

For w € W and A € Py, the union pcpp(

) FD(GT (X)) of reduced
dual Kogan faces for RP(wowwy) gives a polyhedral parametrization of
B (A) under the unimodular affine transformation A;, (A\) ~ GT'(\).

WowWwWo
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Kogan faces and Demazure crystals of type A,

@ Kogan faces and Demazure crystals of type A,
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Kogan faces and Demazure crystals of type A,

Ladder moves

Definition (Bergeron—Billey 1993)

For (i,7) € Y, the ladder move L; ; is defined as follows. Take
D € PD,, satisfying the following conditions:

° (i,j)eD, (i,j+1) ¢ D,
@ there exists 1 < m < i such that (i —m, j), (¢
(t—Fk,7),(i—k,jg+1)eDforall 1 <k<m.

Then define L; (D) € PDy by Lij(D) = DU{(i —m,j+ 1)} \ {(i,j)}.

—m,j+1)¢ D and

v _Jtl g_%
| P o2\ EHE ) —
i [
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Kogan faces and Demazure crystals of type A,

Ladder moves

Arrange the elements of Y, as

((p1,71)y---, (pNsin)) = ((n,1),(n — 1,2),(n — 1,1),...,(1,2),(1,1)).
We associate to each D € PD,, a sequence k', = (ki, ..., kN_|D|) with
1<k <---<ky_p <N by arranging 1 <k < N such that
(pk,ix) € Yo \ D. For w € W, define D(w) € PD,, by the condition that

kb(w) is the minimum element in R(i4,w) with respect to the
lexicographic order.

% ’W:«Yz.ﬂ 6@4

| 23 = (] -
Y“ (& 4 P wa=(),2

$ = 3 (
|

L2,2,1)
2,3)
~» plw) = P

2 — h;)(w) =
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Kogan faces and Demazure crystals of type A,

Ladder moves

Proposition

For w € W ~ &,,11, the following equality holds:
D(w) ={(i,j) |1 <i<n, 1 <j<m(i)},

where m(i) is the cardinality of {i < j <n+1|w twy(j) < wtwy(i)}.

Let Z(D(w)) denote the set of elements of PD,, obtained from D(w) by
applying sequences of ladder moves.

Theorem (Bergeron—Billey 1993)

For w € W, the following equality holds:

Z(D(w)) = RP(w™ twy).
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Kogan faces and Demazure crystals of type A,

Transposed mitosis operators

For1 <j<mnand D e PD,, we set
o start] (D) =min{l <i<n—j+1][(i,j) ¢ D}U{n—j+2},
o J(D):={1<i<start] (D) | (i,j+1) ¢ D}.
For i € jjT(D), we define a pipe dream D;(j) € PD,, as follows: write
{1<p<il(pj+1)&D}={po<p1<---<pr=1i}, and set

Di(j) = Lp,.j -~ Lpy,j(D\A{(po, 5) })-

E%.MY\: ,0=1 TT(0) = {2,3)

{)F'i'r Htl T
1 H J¢=Po BZ (l.) DJ {.2)
—M" P : -
H | [ start] (D) iy j’;t}ﬂ REEaE
A -+
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Kogan faces and Demazure crystals of type A,

Transposed mitosis operators

Definition (Knutson—Miller 2005)
-

For 1 <j <nand D € PD,, the transposed mitosis operator mitosisj
sends D to
mitosis] (D) = {D;(j) | i € J;' (D)}.

If jjT(D) = (), then we regard mitosis;r(D) as the empty set. For a
subset A C PD,,, we set mitosisz(.A) '=Upea mitosis;-r(D).

Theorem (Knutson—Miller 2005 and Miller 2003)
For w € W and (j1,...,j¢) € R(w), it holds that

Z(D(w)) = mitosis;; . -mitosis; (Ya).

YZ‘ r [F) Mitosic) ) M ZBDI HE}:II(‘D(SZLD
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Kogan faces and Demazure crystals of type A,

Faces of string cones

Littelmann (1998) proved that the string cone C;, coincides with the set

of (agl),ag ),ag ), (3), (2) agl), .. ,agn), .. (1)) € RV satisfying the

following inequalities:

agl) >0, ag2) > agl) >0, R agn) > > alt) > 0.

We associate to each D € PD,, a face F)}(C;,) of C;, and a face
FY(A; (X)) of A, (X) as the following example.

=4 [47=0[0% = 44|
Vl :3 —D 01/“7_] :O OI/M m/u;

()

; =0
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Kogan faces and Demazure crystals of type A,

Second main result

Theorem (F.)

For w € W and A € Py, the following equalities hold:
®iy(Bu(co)) = |J  FpC)NnZY,
DeZ(D(w))
AiA ()‘7 Xw) = U FB(A'L'A (A))
DeZ(D(w))

For w € W and A € Py, the union Upe o (puw)) F(GT(N)) of reduced
Kogan faces for .Z(D(w)) gives a polyhedral parametrization of B,,(\)
under the unimodular affine transformation A;, (\) ~ GT'(\).
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Kogan faces and Demazure crystals of type A,

Second main theorem

Rey Kachiware, embedding I\;A
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Symplectic Kogan faces and Demazure crystals of type C'p,

© Symplectic Kogan faces and Demazure crystals of type C,,
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Symplectic Kogan faces and Demazure crystals of type C,

Skew pipe dreams

Let G = Sp2,(C), and set
o SY, ={(i,j)€Z?|1<i<m, i<j<2n-—i},
@ SPD,,: the set of subsets of SY,,.
An element of SPD,, is called a skew pipe dream (Kiritchenko 2016).
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Symplectic Kogan faces and Demazure crystals of type C,
Symplectic Gelfand—Tsetlin polytopes
For A€ P, and 1 < k < n, we set b( ) = =D i<t<n—is1(A he), and write
M\W
bg)l =pP =... = bg ") .= 0. Then the symplectic Gelfand-Tsetlin

polytope SGT'()\) is defined to be the set of

( (1) 9(2) ag)7 (2),bg3),bg) az())l)’ g) ag3),...,bgn)

~ ~~

3 5 2n—1

satisfying the following inequalities:

O -0 @

agl) agl) Qp,
2 2
ay? ay

Naoki Fujita (The University of Tokyo) Schubert calculus from Demazure crystals Nov. 13, 2020 43 /56



Symplectic Kogan faces and Demazure crystals of type C'p,

Symplectic Gelfand—Tsetlin polytopes

@ SGT() is an integral convex polytope for A € P, and
e SGT(A) is N-dimensional if A € Py .
We define i¢ = (i1,...,in) € R(wo) by

ic=(1,2,1,2,3,2,1,2,3,...,n,n—1,...,1,....,n—1,n),
SN~ ~~
3 5 2n—1

where

Theorem (Littelmann 1998)

For A € P, the string polytope A;()) is unimodularly equivalent to the
symplectic Gelfand—Tsetlin polytope SGT'(\).
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Symplectic Kogan faces and Demazure crystals of type C'p,

String cones

Littelmann (1998) proved that the string cone C;,, coincides with the set of

1) ,(2 2) ,(3) (20 (1) (2 (3 n 2 n
(@52 0 o 60 4D o o a® 606D oD, al)
satisfying the following inequalities:

a(2)20, e

ol 20, b >al > af
> 20?2V > 26l > 0.

We associate to each D € SPD,, a face F)5(C;.) of C;,, and a face
FY (A (X)) of A () as the following example.

% mlm_ 0 A’n) a{e) ) a/(z)\ " ﬁlf):@
N\= 3 —p [Wjj:O M "’Mlﬂ )
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Symplectic Kogan faces and Demazure crystals of type C'p,

Symplectic Kogan faces

Definition
A face of SGT'(\) given by equations of the types a(l) b(lﬂ) and
bl(cl) = ag) (resp., a,g) b(Hl) and b(l) ak 1) is called a symplectic

Kogan face (resp., a dual symplectlc Kogan face).

€2 Symp. Kogon fuce igal symp. Kogon face
n:; Zlu,' /&m /&c-) /ZIU(: al) /uzl ,étt,” /1(1;

pd

(R )y T 0f
/ o 4‘“ m \ @)
i A 2
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Symplectic Kogan faces and Demazure crystals of type C,

Ladder moves

We arrange the elements of SY,, as

((p1,q1),---5 (PNnyan))
= ((n,n),(n—1,n+1),(n—1,n),(n—1,n—1),...,(1,2),(1,1)).

For (i,7) € SY,,, the ladder move L; ; is defined as follows: write

(i,7) = (pk, qx), and take D € SPD,, satisfying the following conditions:
e (i,j)e D, (i,j+1) ¢ D,
@ there exists k < ¢ < N such that ¢¢ € {j,2n — j},

(Pe, qe)s (pe;qe +1) ¢ D, and (pr, qr), (Pr, g + 1) € D for all
k < r < € such that ¢, € {j,2n — j}.

Then we define L; j(D) € SPD, by

Lij(D) =D U{(pe; qe + 1)\ {(E,4)}-
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Symplectic Kogan faces and Demazure crystals of type C'p,

Ladder moves

e n=3
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Symplectic Kogan faces and Demazure crystals of type C'p,

Ladder moves

We associate to each D € SPD,, a sequence k', = (k1,...,ky_|p|) with
1<k<---< l-cN_|D| < N by arranging 1 < k < N such that

(pk, qr) € SY, \ D. For w € W, define D(w) € SPD,, by the condition
that le(w) is the minimum element in R(i¢c,w) with respect to the
lexicographic order.

Proposition

For w € W, there exist m(1),...,m(n) € Zsg such that
D(w) ={(i,j) € SY, | j < m(i) +i—1}.
€2 N=3, W=38.50;5,
~ o= (,2,0,2,3,21,2,3) Dlw) = Bt
¥ Rowy = (2,3, €,4)
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Symplectic Kogan faces and Demazure crystals of type C,

Upper bounds for transposed mitosis operators

For D € SPD,,, we set

ro=max{l<r<N|ge{n—i+1ln+i-1}, (pr, ¢ +1) ¢ D},
and assume that

{(pr,qr) |gr€{n—i+1,n+i—1}, ro<r <N}
U{pra+1)|gec{n—it+l,n+i—1}, ro+1<r<N}CD.

Then the operator M; sends D to the set M;(D) of elements of SPD,,
obtained from D\ {(pr,,qr,)} by applying sequences of ladder moves L, ,
such that g e {n —i+1,n+13—1}.

For a subset A C SPD,,, we set M;(A) := Upe4 Mi(D).

Naoki Fujita (The University of Tokyo) Schubert calculus from Demazure crystals Nov. 13, 2020 50 /56



Symplectic Kogan faces and Demazure crystals of type C,

Upper bounds for transposed mitosis operators

For w € W, define a set .# (w) of skew pipe dreams by
//l(w) = Miké ce Mikl (SYn),

where kb(w) = (k1,..., ko).

ea N=2

ais) = 5B ML)

M 65 = [ j M 155

i#—i]}
(%P, 5P}
Mlse6)= [BP} Miss)= Hﬂj [BEB Eﬁj}

I
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Symplectic Kogan faces and Demazure crystals of type C'p,

Third main result

Theorem (F.)
For w € W and A € Py, the following equalities hold:

Bio(Bu()) = |J FY¥(Cic)nZY,
De# (w)

N Xu)= U FBALO).
De s (w)

v

Corollary

For w € W, the cohomology class [X"] = [Xyyw] in

H*(Sp2n(C)/B;Z) ~ Rsgr — Mgp gpp is described as follows:

[X“]= ) [F(SGD)]= ) [FS(SGT)).

keR(ic,w) De s (wow)
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Symplectic Kogan faces and Demazure crystals of type C'p,

Other classical types (B,, and D,,)

Type B,

There exists a similarity property between string parametrizations of type
B, and of type C), (Kashiwara 1996). Hence our results for Spa,(C) (of
type C,,) are naturally extended to those for Spin,,, | (C) (of type B,,) if
we use H*(Spiny,;(C); Q) instead of H*(Sp2,(C);Z).

Type D,

The Gelfand—Tsetlin polytopes GTp, (\) of type D,, do not have the
additivity property, that is, GTp, (A + p) # GIp, (A) + GTp, (1) in
general.

Theorem (F. 2019)

The Nakashima—Zelevinsky polytopes &z()\) A € Py, of type D,
associated with

i=(mn—1,...,1,...,n,n—1,...,1) € [M1

have the additivity property.
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Symplectic Kogan faces and Demazure crystals of type C'p,

Future directions

Kiritchenko (2016) introduced the notion of transposed mitosis
operators mitosis; for skew pipe dreams.

For w € W, the following equalities hold:

Z(D(w)) = M (w) = mitosisiT m1tos1s (SY ),

where k/ D(w) — (/4?1, coos kg).

We have checked this conjecture for Sps4(C) and Spg(C).
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Symplectic Kogan faces and Demazure crystals of type C'p,

Future directions

Is there a kind of “Schubert polynomial” of type C),, which is related to
the set .Z (w)?

o Fomin—Kirillov's Schubert polynomial of first kind of type C,, is
defined to be the form
Z fk(m)7

keR(i,w)

where ,
t=Mmn—-1,...,1,...,n,n—1,...,1) e I".

@ Knutson—Miller (2005) realized the Schubert polynomial &, of type

A, as the multidegree of the opposite matrix Schubert variety
S Wowwqo

X
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Symplectic Kogan faces and Demazure crystals of type C'p,

Thank you for your attention!
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