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Genganized Mobov Eyﬂmﬂm (GHUE)

Zz'f yz'f gﬁ+ ’éryg "f'/{z XLt /éeld"{
= (3+’£r'f z'f’éx)zyiz




2: Harlcbv eﬁmﬁ'm mw( (7S J@?’(rﬂl /l‘zaz‘:m

Markov Equotivn (UE)
L+4 1% 3242

positive @teqer Solutioms to ME (Morkos tuple )
(1.9, %)= (1.L1), (I,1,2), (1:2,5), (1.5,(3)

The (rteiers appeatring. i pusitivd smaeger sefutions o
ME ow called the Markoy smmbers.



Thn [ Morkev ). 22
(%/ ﬁ,(‘,)

We consider
(a/fe,C) <( a/_ﬁ/_}i?/ C)
(a '/e, o’+t &

C :

() 1 (a,4.,C) /s a posiave r'ormjek solution To ME,
o S are the nsht 3 ‘t‘m‘P(ets.

(2) A“ PUSPC"H’/ l‘mtgdf S'D(a‘a'orns To ME are a[:mchep(
by applying. this operation to (1, 1,17) repeatadly




§ol0m‘o% tiree O'F %2* :72T %= 31278

(1,34,13) - -

///// (194,5,13) - - -

(29, 5,433) - - -

(29,169,2) - - -



Geremlized. Markov E2untion (GME (4, 4:,4:))

L+ ﬂl'f' 2+ /é[ YZ + A, 21+ Asl:’]'-'( 3thoBarbs) LY2
VQV ,3,, '%z, '£3 € Z=0

kihbizhy=0 T+Y2" - 324
biedi = | 3 (eg)elgee P (rant’s (222



Thn G- HMSVS&"W 2023 )

We considler ( I“&’fc , 4,c)
((1/:@,6) <(a/ _ﬂ-fjgﬁc-fﬁ,(l)

ﬂ?,é Lo’
(0. 4, FEbd)

(1) I‘F (a/ »@,C)r's Qa FOS"r“OVZ I(IiTLjel/‘ solttion To
GHME (for, bses) Thom S0 are fhe nsht 3 'em‘P(ets.

(2) All PoSiTine (‘zntgdfﬂo/az:‘ows o GME (A, 4, &) are
obtmined by AFF(YI'Ma- this opertin to (1, 1,1 )repeaw((/ .




Solwtiom tree of %szj2T22+ Y+ 2ot XY = 6242

(1,291,61) - -

o
(1,13, 61)

\
///// (4683,13,61) - - -

(1,1,1) — (1,1,3) — (1,13, 3)

(217,13, 16693) - - -

/
(217,13, 3)

—

(217,3673,3) - - -



§o(u1('om Tree o][‘ K !‘/gf 7%+ lyz 422z +0¢‘:1'-= 6zg8

(91,16,1) - - -
I

(3,16,265) - - -

(3,16,1)

(37,1,10) - -
(3,1,10)

\
_— (3,169, 10) - - -

(3,1,1)
(e
////’/(21,4,1)5‘\\\‘““(21 4,457) - -
(1,1,1) — (1,4,1) . .
\\\\\\\ \\\\\( )_”/”f,(373,4,17)-~
1,4,17
N 1o T (,81,17) -
1,1,2

e /(7,81,2)---

(7,1,2)
T (7,1,25) -

(103,9,2) - - -

T (1,9.41) -

(1,9,2)



3. Gemmnlfzc»( seedl mutation

j::: @ (T(/ ety T'V‘)
o (£, 2 B) : Seed x:olustu, B'ZKC&aoje, MATN

.'(‘-)‘oI(- (Xl,...,?(m) ﬁecjm-z-hﬁ&ef 0747L~
° z = [Z-r ,Zm)
/ 1 - 'Mﬂ@ 070 Mo C poyenomm[s o/‘me l/ahaélcf

W th f(hcr/ Pt ve 141ng aeﬁ{;arewrs awol
omstoants 4 .

o B-= (ﬁi)e Nxn sk - - Symae 2ble matin'x
\ l(‘e S‘ d(aa, (S‘,, ,Qm)Sr >0 , SB éewsquaemc




G.me 'Q.DA. Se?d ‘WM..W.T('O% '
For bell, 0] and (%. 2.8 ). we obtin a minud seed

(uflif, B/)g':/'{,ﬁ[;{, Z, B) a-t/é, AS;Q[/OWS'I

L 2! ,_{W"a‘z"-zf (w') (= 4)
&\ ‘
| (v#4)
[ A 1) ~ ) (1] = #)
'&'J + Jﬂjzlﬁ[’aﬁ]'t&‘} + Lep [‘ﬁ{f} (viertse )
Lk . ~84;.0
LT g it T
o A < ka (t~ ? ,é)
| o (1 #4)




:x . a To 2 -—l -

.= 11‘%“’% -
3(:(1(,11,13)' Z= 22_:1-6% ] —I-DZA
'Z;‘-' 1*24/["‘14/4,2/ L, N
U M
il: Aa )2’ ( N ’le 'ro )
K MY 7' | o U 072
_1(7'I)1(x3+27"1‘[2) I{i%'j Z= 222 1t B: ([ 0 —~|
E! / | &- I+ 24+ 1u? 2 0
d
—B

E‘M'&, r Mmg'—' (1'('44/ 1< , .., HM) ,
this o‘Pem‘(('om (m‘tv\c('o(ﬁs with the ako(«‘nmy MUTATOY)



Tha ( (1.- Matsuslita, 2023 )

r (B 2) tn the below table, we set | K Yeeq s all cliseers obmned From
opplyiva. s vrs to (%, 2,8) ropenzedly Then Jglet e 1eg,e,0
Iz set a‘)(l PO T 1'47'57” sliTon. 2o e &M?Po«dh\? e?.ua'f(‘o%

gwes
Equation B Z
(0 2 —2] Z1(u) =1+u
ME T? +y® + 22 = 3zyz -2 0 2 Zo(u)=1+u
2 -2 0 Zs(w) =1+u

)=14u
1+u

C\ME (010,633 o' +y'+ 2%t hszy = B+ ka)zyz | |2 0 1| | Zs(u

(0 1 —1] Z1(u) = 1+ kiu + u?
M (& 6) z? + y? 4+ 22 + kszy + k1yz + kozz 9
G E (,'bz, 3 — (34 ki kg +s)zy2 -1 0 1 $ Zo(u 14+ kou+u

(u
(u) =
(u) =
2 2 2 I ] ( )
GHE ('hllo r'é?) ’ +:y(?:rjk;+k?cf)yx;zklyz -1 0 1 <Z2Eu;=1+u
()
(u) =
(u) =




4. Generolized ua QUE mess conjectnt

Marko(/ MM:W&S oom J‘eectwt.
For o Hanéov WW)‘VLCV C, 'deﬁ'é IS A M‘Wlt'?ue positre

muger Sluzont 12,9,20=1a, 4,¢Y 10 ME up 20 ortls
SMJ\ f&&t a /z&. S C :

FIBI’ CXQ‘MF[L, ,}?)y- (= 5, [?09’0% WZ%SDéfﬁm /0/’4/ 5 j
w ME thfotv S?J\T-‘Sﬁ’es 0,,&__{ 5 IS om& /l, 2, 59 :

How méﬂu’t GME 2y SO 7



Tho (G, -Maesusliinn, 2023)
There (s o cwnteresomple of GHE eisiom o

‘H\Q GDMJECTMV‘E ")0 /ﬁ[/ /ﬁz/ ,43 are. not f/é Some. vmmbeh

When 'ﬁ'ﬁ v /ﬁf’)' ’£3= 0, R <((:11’61,62’615))'.-...
(1.81,17) ool (7.8(,2) art /)<(>
poth, Selutioms 20 GHUE which e
M[’e 8-[ as W)c:‘tnmj. / /(21,4,1)<

(1,1,1) — (1,4,1)

TR o 373,4,17---'
@uesr(‘m (open proplem | ) \ ) — ol

(1,1,2)

( )

(21,121,1) - --
(21,4,457) - --
( )

TR (7,81,2) -}
How about the cnse =t
Biobasds T danecs

(1,9,41) - --



FVD‘M, Mo/ 0N , /é::/é[: /éy :%3
@ 4.c) : A-gon. Morfo tuple
& (a, 4, ) s positiie vuger Solution To GUE (A4

. W(@.-z‘(@ym 2025 )

If ¢ /£~3~0Vl Uorkow mumber wth C=Po.2p (P:prine)
them (0. 4.C): Ao Matbow tuple with a<4.< ¢

bwd . A= 0 cnse :
Bamjw (496 ), Schancez (1926), Butom ((44¢) Zhong (296 )
Lwn& -vaﬂ_ (2‘”7)



5. A- 3mem (zed ol matin X
’UD otwt'oc dMPL‘mﬂsz 976 S‘a[u‘tubms, we m/eﬁ'ne %ﬂ,

Solutron tree :

- Geonuralized Markoy tree  MTA)

°Poo"f, (1, 1, 1)
o Goneniom pule: (0, &, C)

7N

(a/ a_f/&ge\*j\j,&') [/a,f‘f‘/é&-ffg )

2 C




(£=1) cowﬂ (oavut /3@ 3)\(5;753;2)1

Ll)_(la ) (( D3)\ ’D13)<(5/I@J/3)
FWF ilj_@ 5/
let AEZ20 Bl - tess ety

1. FML\, vertex (m f‘texﬁ jm Wréov tree (s A- j&n
Mo kov T P(@
2. Fora -9, Mokev tuple (0. &.c) with £20, ¢

4« yrox in fb/,&jw. Harbou tree st Y= (@, 4. C)

Prop
zﬁ-ﬁu\ Moréov G jfc:(w-e (s (vl

@fl\i Zma{ elements of rortiaes i [ \aw MT\MC'L




\ .
Matnyrze"” ,ﬁ - ﬁ,o/nem (rzed Markey numbers, m,b(zs; Tree :

Def ( /ﬁfjﬁn. (o matw'x )
_ Fu r2
P-(Pn ::n)e M(Z,Z() : /g—l?‘w Coho M Tk

- Pe SL(2,Z)
o szé—jw.[/(aréac/ Number
LOWP': (3"3'£)Frz“&'

Ex.
13: (- jfm&m(fzeﬂ(. Hﬂréof/ Ambtl ~ t‘; ;i{. )«' c(;::s;ofv)(('ﬂ} MalinX



Def [ 4- fen. Cohan tiple )

(P' Q,R) : /é,.jw fo/m TMP[L
-@/ P.Q,R: AHem. ho matvices
: (Pz?, V‘,g : A_jm.ﬂmféo(/ Th‘F[&

o= PR- [346 234 /&]-_-.;sﬁ

EK: 1.‘?‘0*" 07&“}'\ T‘n?LU 'M;%' [P{:r ?tz, hz)"" ((/6//(3)

— | 1) 13 €| 3 (3
-7 6 /)7 |95 952), (7 74



(7(7\0 (/&—ﬁﬂw- Golwn e )

¢ Root : ,{1—?\%. Gohn fu'p[e, tith (P.z,j.,,hz) =(11])
o Gemmton ml i (P @, R)

N

(P,Pa-3,8) (R @R-s, @)
“Thn (G.- Mamymua, 2023 )

(1) Esch otrtes fon 4- 9. (ohon TE (5 & -gom. Gohun tuple.
(2) (P,Q,Q) — (Prz. ?tz,h&') fmé&dg J‘jmpé 'S0,

7%‘”' 'ﬁ"f‘&" Gohm tree f&"j@" Moy Eov Ttret .
(3) Jnd compment of all wrti@s in B-gem. Gobn tree are distin.




o

(-u f)(u 29| ((3 H) (B Al (cmfm

(77

D * New mefinx



Sufftcrent condition of o jecturt
For 0. . Horbov mumbat ¢, if
g!M=( :[a {i),ﬁ_jm Gobn matonk 1 LCTZ’(«A,-%),

then I (0, 4. ¢) /ﬁ—-jm//wlﬂ»v fh‘pl& with
AL h< C

To detwrmme M, it suecasto dettimme
((, ()~ MW beonuse M (s bouucked b)/ tr. ood dez.



Than ( G,'/”o\mymu , 2023)

For & /&—jm-cotm Matrix (* ; ) Im LC-[T(fﬁ/—/ﬁ)
A 19 A So(Dl'Cl'o'ﬂ To

f%ifféf(/flz 00’}100(6
< &
D<A < 2

EK.C:%‘:—) n- 4 , (2—11 [- (-F (20%00(3 I<%

C=B32uU=3,3"¢ |. 3+ | = (32 O mod(3, 3<L2
C=207 W=67, §77% (-§7+ 1 245572 gamod 27 e7<2‘7
2



Thm ( a."{[’(ﬁmlya«ma ,202.3)

H\ C= Por 2p (p: piime), e Seuction to
y AL+ L= 0aued £
p< A< L
(s UN(BL.

Than (6\ - l{'(RW:}’MMf 2023 ).

f ¢ /£~3~lm Uorkow qutmber wth €= Po.2p (P:prine)
fhem 0. 4.¢): /é-gen . Mar L "L‘L)D[L mth A8 < C .




How lma.M\/ Pm'«me, /ﬁ-jw,Hm«kav Mwmbeff*s e ‘f‘\u*& 7,
J

fmf\['w'uy many 7 — opey ?Vbul»% eren (f $=0/

Tb\e, [fSt of} ‘(‘LUVIMML{V‘S oF Py.':m.g, /&_jem Mor ko

Num bexs appealing Up o otl&[?tbv (2 im the %7&,
Mo ou tree - (024 A~gen. Horkos umbers

'{Q=0‘ 93 A=1: 61 A=2:0 A=3:55

A=4:40 £=5:38 A=-§:317 4=7:34
A-8: 3l AL=%:28 A-10:34



g : QxA:eS‘Ct‘o'nS

o Com A&-§en. o matrices be. omstmcted from,
f’L‘(’/ w;cvmm‘r'om 070 fLe jmmflzeﬂ( cﬁ«srera%eéms 7

F x
bt kaNSS\?o( i towm of sonerlised oluster ofebas?

- In par’tn‘w&w, U 17 (u M) e LMT (4.-4) cusy

~ Com the mutation of B-90n. Cobam P2 "be defined 7

(P: Q/R 4
(7.@.R) & (pa,r) 8=WR-ST
(P.@, R RP~s 7




Additona Topics (1)
There e ptler e%ua'&‘oms whose lﬂas‘m‘vubn:ejw SHuzions bhave

e o(us’cer S tructnre. .

Thm (.- Matsuslita, 2023)

Bor (8. 2) in the belw table, we set { Yo et all cliscers obtmined From
app@:‘ muT IS To [ %,%.8) rapeaw{//- Then h('t(Hé'le, Li=Ty=Xy= |
zgg'[ 0'F oI T arceger Sk, 20 e Comgpomdﬂhg. e?.ua'f('o%

'
jwes
Equation B Z D
’

pre S - 0 1 —1] Z1(u) =1+u 1 0 0
. z2 + y4 s 2xy2 + 222¢ = 7acy2z2 —4 0 2 Zo(u) =14u 010
Q%WLTW‘A 4 -2 0] Za(u) = 1+ u 0 0 1]
i 1 /4 =1+k 2 E i
z? + y* + 24 + 2z2y? + ky?2? + 22%x ¢ 1 1 1(u) i 200
= (7T+ k):vy2z2 -2 0 2 Zs(u) =14u 0 10
|2 -2 0 Zs(u) =1+ u 0 0 1




Eo«:k 2 Case [G.- Matushitan , 2023, Chan-Ls, 2024 ]
14{3-‘6%?1 ¢1%rﬂ2+zg,+27+ (= 91# — A
Z*Zﬁ"zﬁz*ﬁﬂx*hh‘q/z _ Bi'%oe,

Y +l/‘73+ v3+z27¢2z(7+z’=ry+z;{+(c [/2{72 — ; vee

LY % (= 3ag - /4;:7/’&
P tpe

xz‘f“fz-* £+ ( =C3-ffﬁ)x’a.
| s
p. of

) ase

4 (I 2
Yra i+ Y+ 22t (= (54 k) 2y ¢ ST OF Gen.
Lompe onse



Thon ( Chen-L¢, 2024) .

Thewt (s 2o egum:n‘on Comspma(mj T 2on- finite gmd
ton - offine Wd'"“””j') c[uswmgeém of romk 2

Qmesﬁ‘o%

0 Cam -tﬂse aL)on 'ELLUWL be We@( To jﬁﬂm[fua( &/Wﬂf’?
. Is 'fLMQ on efﬂafl o o Wes‘[?amé"j 0 al( fM/IZQ{/CAS‘ /7 e

M(al 070 }‘Wnk 2-4?.



Ado(l't('omu( wPIC (2)
. W(&\.—t‘(@}’% 2029 )

T]D C: /ﬁ-‘?@w Un-bov mumber wth C':Parzf (P:P“ﬂ)'
fhem 0. 4.c): A-gen. Matbov tuple with a4 ¢

How a(oowt otﬁer /é—jew./’(arkav nambvs 7

TfA<0, then the abowt cheorom alsoholols whes
C= p™or 2P™ , wheve 02 2 (prved by Aiswer gzc)



Thm (G, - Uorugama, 2023)

e assume flw Fm‘r (rﬁ, P ) S‘aIu‘S'ﬂies onet of a/e ;Ql/omﬁ;

Condkitions :

(1) £=2 ,

(2) £24 s e , pmd both ‘é"‘ | ond ‘é“l
ort, ot dinided 4y p*

[3) R (s eolol , omd| both £+2 amd £-2 ore 2107 Aivided
by p*

If C toa A-90n. Marbov muamber with = p™, zp™

then 100, 4 ) /ﬁ-gw . Marbou fcz.}:[z— wmth <4< C.




This comdctiom ¢s g(wuw( from Hemse[% lemma :

Hemsed’s lemma,

Let p be o prme. For n pb/)/mm:'a[ Fet) whe
mtestr peffiliest, f T x,e7 52,
F&)=0 mol pA and f) # 0 mod o
Than YAy €2 st
X o1 = X md pR zud F(Xhe) =0 ool Pif/

When we (Ft the soltim Z’f&:(*(‘:‘()mo(p 70 mv/p"f e USP.

this (eammo Vv;gvv
QuesTon ()

‘ Con flxe oonoipon 07[ 'f/& pkeM'ouS ‘(‘lwokﬂm be removed. ¢




