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.
Introduction

Markov Equation (ME )
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Cluster algebra 〉 Markor equation
n n

generalized
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Generalized larkor Equaton (GME )
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2
.
,Markovequationanditsgeneralizarion

Markor quationE (ME )

xtY 'tz ≡ 3xyz

Positive ineeger Solutions to ME (Markou trple )

(x . y , Z ) = ( 1 , 1, 1 ) , (1, 1,2 ) , ( 1,2, 5 ), (1, 5, 13)…

The integers appearinginPositive ineegersolationsco
ME are called the Markou numbers

.



Thm ( Markov )
Weconsider ( abic

'

, h , c )

(a , b , C ) ( a , atc', c )
( 9 . b ,

a
'eb
'

}
ヘC

( 1 ) If (a ,b , c ) is a posicive inagersolution toUE,
then so are the right 3 tiplets .

(2 ) All posicive imegersolurious to ME ave obtained
by applying this operation to ( 1, 1, 1 ) repearedly .



Solurion tree of x
±

y 'tzz 3xyE



Generalized Markov quation( GUE( K,k,ks ))

(±
Y
' *Z '

+kiyztkzaxtksxy t3fiik ←ks)xyz

for b,, k2. ks ε 4z0

ki=ki= ks = 0 ⇒
x
± y
'

tz
2
= 3xyで

b = k2=ks= 1 ⇒ ( xty ) t( Ytz ) 't (itx)
?

: 12xyz



Thm ( G. - Matsushica ,2023 )

Weconsider (
L' thctk,

"

b , c )
a

(a , b , C ) ( a , a
' sacek ,cic )h

( 9 . b ,

a4 cabei
'

)ks

( 1 ) If la , b, C ) isa posiciie inegerslution to
GME (K ,k ,k3) then so are the right 3 tnplets .

(2 ) All positive inegersolurionsto GME (K,k.ks } ave

obtained by applying thisoperationto ( 1, 1, / ) repearedly



Solution tree of xty' tz YZtExtxy = 6xyz



Solution treeof' tyzItHyz +2zx + Oxy = 6xyz
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.
Generalized seed mutation

F . = QIti " , tu )
。 ( x , 4, B ] : seed x : duster, B : exchange matnt .
ox = ( ol, (n ) : freegeneraringset ofF,

n - tupe of monic polynomials ofone vanablus1
0 Z : = (Z", てm ) :

uith stn
'

cely posirive inreger oefficienesand
constants I

.

0 B = (bij ) : Mxm skew - symmetn'zable matnx
iie ,as = diag (sy., sm),siso ,SBiskew-symmetric



Aeneralized seed muration :
For k ε [1. m] and (x . x . B we obrain a muraud seed

(x , 区' ,B ) : = MK ( x . x B ) atk asfollows :

0 Eii = {EiudegEo . zi (w
- ) Ci= K )

(i も k )

0
ij=aij' degzk .[ lik]hajthikE-bbj}t) loeruise )1oxi { ( π )

[-bj It
)

(iorj =k )

IhidegzkZk(Yx;
k
Λ

max (-bbj,o )
xj
j

xk
( i = k )

xi
( itk )

.



EX
.

Zに It U tU
2

x= ( )x, )( 2 , x3 ) , 区 = { Z2 = It U
B =%: 。i }

Z
3
= It 2 µ+ 1µ

'

;

I µ3

T

0 2 Zi: ltUtU
2

7=L2 2xt "Ix
.
x"I"l " " ") = B:

O -211)
( ,L2 .

) 1 ィ I ](
3 Zi = Itu ( 0 - 1

C3 Z3 = It 2 µ+ IU2
- 1 2 0

U
ーB

Rmk : When 区 = ( Ttu , leu ,
ッ 1 tu ) '

this operation coincides with the ordinary mutation.



Thm ( G .

- Matsushita
,
2023 )

For B ( 4 )inthebelowtable ,weset{xt} ttnasalldusers obtainedfrom

applyingmueations o( x,4,BlrepeaedlyThenhNehte π mlx=xr=x= 1

gives the setofposiriveinegersduriono the Corresponding equation .

ME

GME ( 0 , 0 . )kz

GME (K, , 0 ,)kz

GME (K,k,b3!
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.
Generalized uniqunesse conjecture

Markou uniqueness Conjecture .

For a Markou number C
,
there is a unique posirive

inuger solurion { x. Y. z { = { a , G ,CY to ME uproorden
such that a , aEC .

For example forc = 5 , posiave ingersolution {a,9, 5 }
w ME which sarisfies a

,
h≤ 5 isonly { 1 , 2 , 5 g .

How about GME version ?



Thm (G.-Marsushita , 2023 )
There is a coun rexateofGMEversion of
the conjeceure if ki , kr, ks ave nor the same number .

When ki 1, k = , k = 0
.
2

3 ノ

( 1 . 81 , 17 ] and (7, 81, 2 ) ave
both solutions o GME which
have 81 as maximal

.

Question (open problem!

Howabout thecase

ki=k =k 3 ?



Frommowon , ki= ki = k = ks
(a , b , c ) : b -gen . Markou eiple

:② (a,b, c ) is posiciveinegersolationtoGME(K,k, k
)

Thm (G. -Marayama , 2023 )

If c : k- gen . Markor mumber wchc = Por 2p (p:pime )
then a : (a , b , c ) k -gen. Markoutuple nichasasc .

Rmk
.
k = 0 casei

Baragar1996), Schmitz(1996),Buton(1998), 2 hang (2006 ),

Lang - Tang (2007 )



5 . k-generalized Cohn matrix
To aroid duplications of solutions , we redefine the

Solution tree :

k- Generalized Markov tree Mπ(K )

。 Root ( I
,
I
,
I }

. Generarion ule : (9 , h , C )

2
八

h( 9 , a
'

tkabt al
,

kacG4 +c
2

C (A ,

a , c )



…

Comit ) (omit )ICk=3 ) ～
(217 .363 )

ー
… ～ (13,1669 ③27

() / ( l ) - ( い, 1 ) - (1, 3) 、 ( 1 ,,) -
161, 4⑪B～

Prop \ ( 1,2 61 )

Let KE420
.

D . newmumber
.

I
. Eachvertexinthek -gen. Markov tree is b -gen .

Markou tviple ,
2
. Fora k-gen . Markov tnple (a , b , c ) uith bza , C.
a ! √ : vereex in thek-gen Markoutrees.t. V= Ca, G , C )

Pop.
k- gen . Markouconjecture is tue
⇒ the 2nd elements of verrices in □ ane distinct

.



"

atrixizeM " k -generalized Markou numbers, taples . tree :

Def (k-gen . Cohn matnix )

P =( ) ← M ( 2, 4 ] : b
- gen . Cohn matuix

{
。 PE SL ( 2

, 4 )
:② , Pi 2 : k-gen .Markou number

etrp = (3 t 3 k ) pia - k

EX , (one of )

13 : 1- generalied Markou number → (品品 ] : onesponding matix



Def ( k- gen . Cohn tuple )

(P, Q . R) : k-gen.Cohntuple

P . Q , R : k-gen . Cohn macnces
: ⇒( { (P2,qiu,rio ) : k-gen .

Markou tiple

Q = PR - [K3 k K] = : sk
Ex

. t -gen .ohntuplerith( P ,f ( ,z ) = [ 1, 61 , 13 )

(古 % ) (品 ) , ( 品



Def (k -gen . CGhnenee )

。Root: k - gen .ohntiple uich (p, q",r2) = 11, 1. 1 )
。 Gemeration me : ( P, Q , R )

八
( P
, PQ - s ,Q (Q , QR- S

,
R )

Thm ( G.-Marmyama , 2023 )
( 1 ) Each verexin k -gen . Cohntreeisak-gen.ohutiple
(2 ) (p

,
Q
, 1 R )→ (P,2. f(u ,a ) indues thegraphiso .

from, k -gen . Cohn tree to k-gen . larkor tree .

(3 ) 2nd component ofall verties in k -gen . Cohntree aredistinct .



…
…→

?}^∵

*以.…CTlu-k )C
(K= 1 ]

八 ム(古 d )(品 4□130 )

T T ー
( h6 )( ( )()(符)( )
へ
ん

. …

(古 ! ) (61, 31684 )( □品 2 )( 品品 )(10754s 近)
…

D
:

- New matix



Sufficent condition of Conjecture
For akgen . Markor namberc . if
a !
µ= ( ) : k -gen.Coan matix in Lcπ(k-k )

,

thena ! la , h , c ) : b- gen .Markov tuple mth
A ≤a ≤ C

.

to determineM, itsuffiastodeemine
( 1
,
1 ) - ency because Mis boundedby tr. and det :



Thm ( G - Mamyama , 2023 )

For a k-gen . Cohn matrix (Y ) inLCICK,-k ) 、
Uis a solution to

xkx+ I ≡ 0 modc{ Ocx < 会
EX

, C= 3 ⇒µ= t ,
1 '
*

1 . 1 t 1 = 0mod
3
. K 受

C = 13 =⇒μ= 3 ,
3

' t 1 .3 t 1 = 13 ≡ 0 mod 13 , 3 <受
C= 217 ⇒ µ= 67 , 67' t 1.67 t 1=45570mod2(

7
,07<



Thm ( G- Marayama , 2023 )
If C = Por 2p ( p : Pme)theSolution o

x4 kxt I ≡ omod c{ O < つx く 完
is unique .

Thm (G.-Marayama ,2023 )

If c : k- gen . Markor numberich c = Pov 2P (picime )
then a : (a , b , c ) : k- gen . Markoutuple wichasasc .



How many pnme k
-gen .

Mankou numbers are there ?

infinicely many ? →openproblem even if k =o !

The lisc of themumbers of pime k-gen . Markou
mumbers

appeaning up to depth 12 in the k -gen ,
Markov thee : (1024 k-gen .Marku mumbers )

k = 0 : 93 k = 1 : 61 k = 2 : 0 k = 3 : 55

k = 4 : 49 k = 5 : 38 k = 6 : 37 k = 7 : 34

k = 8 : 31 k = 9 : 28 k = 10 : 34



6
. Questions

。 Can k-gen . Cohn matices be constucted from

the in formation of the genevalized duseeralgebras ?
- In particular , u in ( Y ) ← LMπ CKHK can
be expressed in term of generalized duscer algebras?
- Can themutationofk- gen . Coautupe

"

be detined ?

(PQ , R ) Ʃ
( PQ ,R )

Q= PR - S :( P, Q' , R )

( P . Q , R
'

) RP - S ?



Additional otics ( 1 )
There are other equations whose posiaveintegerSluionshave
a clusrer structure .

Thm ( G. -Matsushita, 2023 )

For B ( 4 )inthebelowtable,weset{ xt }em alldusers obtainedfrom

applying murations to (x ,4,B ) repeaudlyThen{xehteπ m /x=x=x= 1

gives the set ofposirivlineger soluzion o the Correspondingequation

Lampe
'

s
→

equation



Rank 2 Case [G . - Matsushira ,
2023

, Chen -Li, 2024 ]

xytxy
^

txy '
t

2 x+zyt= 9 xy → Aatype
Y4 t xy

'

tzy
'txt 2xt 1 = 8xyz → Bztype

Y
4
+xy

3

ty
'
tx
'

yt 2xy + x
'

Y+ 2xt 1 =lUxyz← Atype
x
±
Y '
t

( = 3 xy → A.
'

type
Y
4
ext2 xt1 = 5xyz A :'type

x
'

ty
'

t kxt 1 = ( 3 tk )xy
x' t

y

' ekiy+kzyt = ( 3tkitk ) xy

ー)く

} sp. of∞ gen . Markou case

Y
4
tx
'
t ky
'

t 2xt 1 = (5+k )xy sp. of gem .

Lampe case



Thm ( Chen - Li
,
2024 ] .

Thereis no equation Corresponding to non - finite and
Mon - affine (ordimary ) dusceralgebra ofrank 2 .

Question

。 Can heabove therem be generalicedtogeneralizeddusuralg. ?
. Isthere an equation correspoudingeo clusur(generalizedl

alg , of rank 24 ?



Additional topic (2 )

thm (G. -Marayama 2023 )

If c : k- gen . Markov number ith c = Por 2p (p:pime )
?

then a ' (a , b , c ) : k- gen . Markoo tuple wichashsc .

How about other k-gen .Markou numbers ?

kIf = 0
,
then the above theorem alsoholds when

C = pm or 2 pm , where m 22
.

( proredby Aigneretc)
.



Thm (G. - Maruyama , 2023 )
We assume the pain (k, P ) satisfies oneof the follouing
Conditionsi

( 1 ) k=2 ,
(2) kz 4 is even , and both + 1 and長 - 1

are nocdividedby
p

,

( 3 )k is odd
, and both k+2 andk-zarenordivided

by p :

Ifcisa k-gen .Markou number wichC = pMorzp"
then a ' (a , b , c ) : k- gen . Markoo tuple withasasc .



ThiscondicionisdenivedfromHensel's lemma :

Hemsel's lemma

Let p be a prime
.

Fora polymomialf(x) iih
integer wefficcent , if axkEfsit ,
f(ixk ) ≡ 0modpkandfixk ≡ o modp

.

then axKtIE 4 s. t .
xkt1 ≡ xk modpk and f(xkt1 ) ≡ 0 mod pbtl

when we life the solation xfkxt / ≡ 0modp tomodpk weuse
this (emma .

i.

Question
f(x )

Can the condicionoftheprenous theorem be remored ?


