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Introduction

Introduction

In this talk, | will talk about two kinds of deformations of a Markov equation.

1st. kind of deformation (we call it t-defrmation) of Markov equation is related to
Castling transformation of t-dimensional prehomogeneous vector spaces.

2nd.. kind of deformation is related to g-defrmation of rational numbers
introduced by Morier-Genoud and Ovsienko, that is connected to knot theory,
hyperbolic geometry , Cluster algebra.
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Local functional equations and Prehomogeneous vector spaces Local functional equation

What is Local Functional Equation(=LFE) for a pair of
polynomials?

3 What is a local functional
equation of pair of
polynomials.
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Local functional equations and Prehomogeneous vector spaces Local functional equation

What is Local Functional Equation(=LFE) for a pair of
polynomials?

Let (P, P*) be a pair of homogeneous polynomials in n variable of degree d with
real coefficients.
It is interesting problem both in Analysis and in Number Theory to find the

following “Local Functional equation”=LFE (avrebiation):

For {x€ V| P(x)#0}r = U Q; :decomposition to connected components.
i=1
|P/(x\)\ (= Fourier tr. of |P(x Z% 1P (y s )

. P(x x € Q;
where d = deg.P = deg.P*, |P(x)|; := { | E) ) o(therwis)e
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Local functional equations and Prehomogeneous vector spaces

Remark

IPOI(= Fourier . of [P(I7) = L ()P * (4

o"f = gzln%_gznf for Vm = (m1,...m,) € Z2,
cp € S(R") = {f | sup,|Q(x)0™f| < oo for Vpolynomial Q(x)}

= [in p(x)exp(27i(x, y))dx:Fourier trans.form of ¢

|P(x)| S(x)dx = Z(Gamma—factor) X 1 |P*(y)| "4 (y)dy

ok
as a distribution
. local zeta function(zeta distribution)

C(%S):/IP( )5 (x)dx

*
(*) is also called FE of zeta distribution (local zeta function)
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Local functional equations and Prehomogeneous vector spaces

Classical examples

Example 1 : (FT of Positive def. quadratic forms)

(3 + - 2)E = 7 TSI (s — 2) (0 4+ y2)
Example2 : (FT of Determinant)
| det X[=7 = (27)~"=(27) "7 2" cos(73) - - - cos(m E=1L))

KT(S) (s —1)--T(s—n+1)|det Y[

For the case of n = 1, this is corresponds to Riemmann zeta function as follows:

C(1 =) = (2m)~*T(s)2 cos( 57 )¢(s)
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Local functional equations and Prehomogeneous vector spaces

Examples of LFE coming from PV-theory

These examples are coming from relative invarinats of prehomogeneous vector

spaces. In simplest case, | will explain local functional equation coming from
PV-theory.

Advanced on Cluster algebras 2023 Online March 22
Takeyoshi Kogiso (Josai University) Two deformations of a Markov Equation and related / 58



Local functional equations and Prehomogeneous vector spaces

Examples of LFE coming from PV-theory

Real PV (GL(1,R) x SO(p, q), \1, R, 4) with a relative invariant
P ptq

p* = P = fo — Z sz has the following LFEs
i=1 Jj=p+1

(WIf (p, q) = (n,0),

|P|s = —m?+3+1[ (s + 1)[ (s + 2)sin(s7)|P| 2
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Local functional equations and Prehomogeneous vector spaces

Example2 of LFE coming from PV-theory

(2)(p,q) = (n—1,1),

_ o —2s—Bfdq +
@E =772 (s + 1)l (s+ 259)
|Pls _
s P;q
—cos(sm) —cos(fF)  —cos(5F) Pl
1 1] 2s+n 1,72s+n —s—Bta
8 1 25[ 254 ] 12e[ 2 ] Pl
2 zel*] ge[-= 1P|
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Local functional equations and Prehomogeneous vector spaces

Example2 of LFE coming from PV-theory

(3) If p,g =2
] 72S*m*1r(s + 1)l (s + 259)

{ 7sisni:((%3r 3) _S,Sn"lfgl %) }

P
P

Advanced on Cluster algebras 2023 Online March 22
Takeyoshi Kogiso (Josai University) Two deformations of a Markov Equation and related / 58



pEEEs @i, b e R e
Markov equation

Tree of Castling trasnformations of PVs

3 Castling transform of
Prehomogeneous vector
spaces and t-Deformation of
Markov triples.
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Seasritie M aEli=sin D ML RIS TR SpaEs ali, o e e R et M
Markov equation

Tree of Castling trasnformations of PVs

Grassmann duality

ARV 22 (AR 2 ARV
The transform coming from this Grassmann duality is called Castling transform
of vector spaces

In particular, Castling transfroms preserve prehomogenety!
(Castling transform is introduced by Mikio Sato and Takuro Shintani.)
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Markov equation

Tree of Castling trasnformations of PVs

Example

(50(2) x GL(1) x GL(1) x GL(1),p@ M @M @A, V()@ V(1)@ V(1)@ V(1)) +
(3,1,1,1)

=(castling transform)

(50(2) x GL(2) x GL(1) x GL(1), p* @AM @A @A, V()@ V(2)@ V(1)@ V(1)) <
(3,2,1,1)

=(castling transform)

(50(2) x GL(2) x GL(5) x GL(1),p@ M @M A, V()@ V(2)@ V(5)® V(1)) +
(3,2,5,1)

There are two castling transforms for this.

Oneis (3,2,5,1) = (3,13,5,1)

Another is (3,2,5,1) = (3,2,5,29)
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Markov equatlon

Tree of Castling trasnformations of PVs

Here we explain the notation:

for example, 3-dimensional Prehomogeneous vector space

(50(3) x GL(1) x GL(1) x GL(1),V(3)® V(1) ® V(1) ® V(1))
(SL(2) x GL(1) x GL(1) x GL(1),Sym(2)® V(1)® V(1) ® V(1)
(3,1,1,1)

A diagram showing the tree growing from bottom to top with CT is on the next
page.

and
) corresponds to
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Tree of Castling

RTINS RIS

VERRMD SR |Gl b el

I
Markov equation

trasnform. for 3-dim PV and Markov tree

Remark(Markov number and Castling transform of PV)

90, gﬁg:i‘;;

5 +29' ags"
\
IXT x29x3%

o

e

:I:alkeyoshi Kogiso (Josai Uni;ersity).

(3,5,13, I'M, 37829 ———

~-(3@2T 1) — "

(As, 13,19

D
= 3@. 3 .
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Tree of Castling trasnformations of PVs

For the t-dimensional representation space, the diagram on the next page shows
the tree that grows from bottom to top for Castling transformation.
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Markov equation t-Deformations of Markov triples

Castling transform of prehomogeneous vector spaces and
t-Deformation of Markov triples

—

(t.t — 1, fa(t), fa(t), fa(t), fa(t), fa(t) ==

(t.t — 1, fa(t), fait), falt), fult) ==

(tt—1,

(£,

Takeyoshi Kogiso (Josai University)

falt), falt). falt)——=

falt). fa(t). Fan(£))

~{t,t — 1, falt).

002 — £ — 1, faalt), A0 (), FE2

2 b

(&, falt), faglt), FiL

Tag

()=t Falt), FE (), (

t — 1, fa(t)——={t, fa(t), f:
(ht—1)

Two deformations of a Markov Equation and related

Faalt) L

FNait))

[P TR
(¢, faa(t), Faa (£), (Fig Jalt)) o

£} =it faalt), faaal(E))—=
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Markov equatlon t-Deformations of Markov triples

Castling transform of prehomogeneous vector spaces and
t-Deformation of Markov triples

where
fz( y=t>—t—1,
B(t)=t* =263+t -1,
fa(t)=t" =3t 5 2t4 13 — 2 —t — 1,
fs(t) =
6t 4111122110910 49410847 ¢7 20 -7 33t 4134212411,
fo(t) = 28 — 123" + 5820 — 136 t% + 127 t2* 4 56 t23 — 126 t22 — 158 2! +
220 t20 + 196 t1° — 158 t18 — 314 +17 + 34 +16 4+ 204 ¢15 4 146 t1* — 14213 —
213112 - 2611 +116t104+90t° —9t8 —45¢7 230455+ 94 +313 2 —t -1,
fra(t) = t> — 24 + 2t + 1,85 — 2t* — 2 + 2t + 1,

FO() =16 — 25 —2t4 443 — 22—t — 1,
(Fa))a(t) = 3t8 — 7 480 — t5 — 614 — 263+ 32+ 3t — 1,
£, (1) = 10 — 3¢9 — 2¢8 £ 1147 — 16 — 1265 4 2¢4 + 3t2 + 1,
2a
F2(t) = 122 — 4121 4 166° — 10£8 — 227 + 1565 4 1465 — 5t — 6t + ¢ — 1,
féaa(t): th — —3t2+2t—|—1,
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Markov equatlon t-Deformations of Markov triples

Castling transform of prehomogeneous vector spaces and
t-Deformation of Markov triples

In this diagram, Pick up subtree

(t7 fw(a,b)(t)a fw(a,b)w’(a,b)(t)v fw/(a,b)(t))

starting form
(t, f,(t), fap(t), fo(t)) i= (t, > —t — 1, t — 1),

where Christoffel ab-words w(a, b), w(a, b)w’(a, b), w’'(a, b) means triplet of
t-polynomials.
Inother words,

(t7 fw(a,b)(t)a fw(a,b)w’(a,b)(t)a fw’(a,b)(t))

parametrized by Christoffel ab-words.

for example, Castling transform of (¢, fy(t), fap(t), fo(t)) at fap(t) is

(t, (1), fap(t), tha(t) fap(t) — fo(t)) and we put tfy(t)fap(t) — fo(t) = f2p(t).
Thus we can consider a triplet (f3(t), f,25(t), fan(t)) parametrized by Christoffel
ab-word (a, a’b, ab).

Advanced on Cluster algebras 2023 Online March 22
Takeyoshi Kogiso (Josai University) Two deformations of a Markov Equation and related / 58



Sedaetiitis biatisiaiiih M i =iV e =S VRELLMD 9pPde A B Rt

Markov equation t-Deformations of Markov triples

Castling transform of prehomogeneous vector spaces and
t-Deformation of Markov triples

Tree of
{(fw(a,b)(t)v fw(a,b)w/(a,b)(t)v fw’(a,b)(t))}(W(a,b),W(a,b)w’(a,b),w’(a,b))is a triple of Christoffel

_ faw® T

oty = -

rd " fasbazs(t)
faan(t)

/ \ St ——
Farban(t) e

/ T Fazvavars(t)
Fab(t)

 Savavar2 ()
_ -

Fabap2 () :;_\

/ fabatzap2 (t) —— -+

fawn(t) T

Jarae(t) —

Fapr () T

w0
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Markov equation t-Deformations of Markov triples

t-Deformations of Markov triples

Theorem([K, arXiv2008.12913v3])

A triplet (£, (), fuw’ (t), fw/(t)) of polynomials associated to Christoffel ab-word
triple (w, ww’, w’), then (£, (t), fuw’ (), far(t)) is a solution of the following
equation:

X4+ y?+ 22 4+ (t—3) = txyz. (1)
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g-deformation Elementary properties of Markov triples

Elementary properties of Markov triples

39 Elementary properties of
Markov triples
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g-deformation

g-Deformat

Markov triple, Markov tree

ions of Markov triples

Integer-solution (x, y, z) of equation x? + y2 + z? = 3xyz is called Markov triple.

s

(1.34,13) o
/ (13,34,1325) =
(1,13,5) SR
™~ (194,13, 7561) — - --
(5,194,13) L
T (s.104,2807)

(1L,1,1)=(1,1,2)— (1,2,5)

(433,5,6466) —
(5,29,433) T
\ e (29,433, 37666) — - -
(2,29,5)
~_ (160,20,14701)

(2,294,169) T~

T (2,169,085)

Remark: Markov conjecture: The maxima of each triplet are all different.
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q- deformatlon g-Deformations of Markov triples

Christoffel ab-words and Markov triples

.\
|
)
\
\

_(a,atb,a®h)

E‘
2
o>
S}
=
/ \

(a®b, a®ba’b, a’b)

o

(a®b, (a®b)%ab, a(ab)?) — - -

N
o>
2

E
\

(a ‘Zb a’bab, ab)

(a(ab)?, a(ab)?,ab) __

(a,ab,b)
(ab, (ab)3b, (ab)b
(ab, abab®, ab?)
7 ((ab)?b, (ab)(ab®)?, ab?) — - -
(ab, ab?, b) ...
_ (ab?, (ab?)2b,ab?) ___
(ab?,ab® b))
e (abﬂ.ab4,b)\\ o
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g-deformation g-Deformations of Markov triples

Christoffel ab-words and Markov triples

Theorem(Cohn cf. [Bombieri], [Aigner])
2 1 > 2> € SL(2,2)

R

11
(w(A, B)1,2, (W(A, B)W'(A, B))1,2, w'(A, B)12) =
(Lix(w(A B)). Jtr(w(A, B)w/(A. B)). 1tx(w/(A, B)))
is a Markov triple for Christoffel ab words (w(a, b), w(a, b)w’(a, b), w'(a, b)).
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

39 Continued fractions and
their properties
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

Well known properties for continued fractions :
For £ € Q, we assume £ > 1 and ged(r,s) =1,

, 1 1
s=a-— =a+
s 1 1

Q- ——0 a+ ———r

. 1 . 1
Ck a2m
:[[CI,C2,...7C[(]] :[31,22,...,32m]
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

Example
Y =12,1,2,2] = [[3,

4,2]]

For a regular continued fraction, if a, # 1,
[ala <eeydn—1, an] = [ala <e.ydn—1,dnp — 1, 1]

We can asuume n = even = 2m

Notations :

N[al, ey azm] = [317
D[al, ey azm] = [31,
N, - -, el = [[e1,
D[[Cl7 ey Ck]] = [[Cl,

Takeyoshi Kogiso (Josai University)

..., @m]-Numerator
..., am]-Denominator
..., ¢k]]-Numerator
..., cx]]-Denominator

Two deformations of a Markov Equation and related
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

Theorem1(Euler Continuants, mARR "X#EFER) or Hardy-Wright)
Regular CF and negative CF satisfy the following Euler’s continuants:

al 1
-1 an 1
-1 as 1
Nlai,...,am] = det
-1 ao2m—1 1
-1 aom
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

C1 1

N[lct, ..., c]] = det
1 Ck—1 1
1 Ck

If ai # 0, D[al,. . .,azm] = a%lN[al, N .,agm]
If ¢t #£0, D[[ct,...,c]] = (%N[[cl, R |
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

Theorem?2
For £ € Qso,
§ = [317 az, ..., 32m] = [[C17 €250y Ck]]’

m) - — m 1

M (‘317327..~,32 ) = ( 1 ) (32 1) (32 )
C1, C — 1 C -1 —1

M( 1, 27"'7Ck):— <C1 )(2 >.“(Ck )

=
/
r r r —rg—
+ — 2m—1 _ k—1
M (ala"waZm)* / 7M(Cla'~'7ck)*
S SZITI*]. S —SKk—1
/
Pm—1 _ k=1 _
52’m71 - [31, ..., a2m—1]7 Sk—1 [[C17 ) Ck—l]]
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g-deformation Elementary properties of continued fractions

Continued fractions and their properties

Corollary of Theorem?2

11 10 0 -1
<o) =G )= 9)

(R,S) and (L, S) is the standard choice of generators of the group SL(2,Z) the
above matrices are as follows:

Mt (a1, ..., a0m) = RL2R3S [ ... R3m—1]a2m

M(ci,...,ck) = RASR2SR%S - - R*S
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g-deformation Elementary properties of continued fractions

Geometric invariants coming from a graph related to
continued fractions

[LS]:K.Lee and R.Schiffler , Cluster algebras and Jones polynomials. . Selecta
Math. (N.S.) 25 (2019), no. 4, Paper No. 58, 41 pp.

[KW]:T.Kogiso, and M. Wakui, A bridge between Conway-Coxeter friezes and
rational tangles through the Kauffman bracket polynomials. J. Knot Theory
Ramifications 28 (2019), no. 14, 1950083, 40 pp.

[NT]:W.Nagai and Y.Terashima,Cluster variables, ancestral triangles and
Alexander polynomials, Adv. Math. 363 (2020), 106965, 37 pp.

[MO]:S. Morier-Genoud, V. Ovsienko, g-deformed rationals and g-continued
fractions, Forum Math. Sigma 8 (2020), No.e13, 55pp.

[LS] = Jones polynomials of 2-bridge links by using Snake graph and
F-polynomials .

[KW] = Kauffman bracket polynomials of 2-bridge links by using Ancestral
triangles and Conway-Coxeter frieze.

[NT] = Alexander polynomials and Jones polynomials of 2-bridge links by using
Ancestral triangles and F-Polynomials.

[MO] = Jones polynomials of 2-bridge links by using Fraey Boats.
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

88 g-Deformations of
continued fractions
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

Sophie Morier-Genord and Valentin Ovsienko,
g-deformed rationals and g-continued fractions,
Forum Math. Sigma 8 (2020), Paper No. €13, 55 pp.
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

Definition 1.1
q*
q =
q*

(a) [31, a, ..., agm]q = [al]q +

[32]q—1 +

[as]q + g

[‘94]q*1 +

qQZm—l

[a2m—1]q + m
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

(b) lfews o cella = [erla - C—
[C2]q - 9 qC3—1
[C3]q - [C4] j qC4—1
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b qdeformatlon h g-Analogue of continued fractions
g-Continued fractions and their properties

Theorem 1(M-J and O)
t=la1,...,am = [[c1,- -, ]

=

[al, ey azm]q = [[Cl, ey Ck]]q

then [a1,...,a2m]q = [[c1, -, cllqg = [£]q

Example

(31 = (13, 2] = [2, 2] = H24E0

(3l = [12.3]]g = [L,1,1, 1] = Ep2ee

[31g = [13.2,2]]¢ = [2,3] = H2920 40
(3o = [12.4]]g = [1,1,2,1] = H2E 2050
(Lo = [2.2,3])g = [1,1,2,1], = Lg2e2asa’

for the case of denominator [2]4,

142 2 24 ... 2 m—1 m m+1
(c)[2mtl], = Lt2ax2att2d! hqtg

(d)[3’"+1] _ 142q+39°+3¢°++3¢" ' +2¢"+q" " 497"
3 1+g+q?
[3m+2'|a _ 1429+3¢°+3¢°+-- +3qm 1+2q +2qmH 4 qmt?

2 ~1 2 Advanced on Cluster algebras 2023 Online March 22
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

Theorem(Morier-Genoud and V.Ovsienko, 2019)
I\/I;L(al, e 3om) =

<[a:ll]q q;) ([32]1q—1 q022>"'<[32m11]q q320"’1> <[82m1]q—1 —qO"”Z"’)

Mg(cr, ..., ck) =

<[Ci]q —qgl) ([Ci]q —q(;zl)”_<[ck11]q —chll> <[Cli]q —q(;*l)

=
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q- deformatlon g-Analogue of continued fractions

g-Continued fractions and their properties

. R RS
l\/l+ L aom) = q 2m—1
(i) (21, +a2m) (qS Som— 1)

R}
where (L [a1, a2, ..., a2m]q, 3“ 1(:77)) [a1, .- 32m—1]q
. R —q% "Ri_s
(i)Mq(ct, ..., ck) = (S g 151/( .
R R
where % =l alley 5= f(q) [c1,- -, Ck—1]g

oo )t &) 3

M (a1, .., a0m) = RALZ - R L2
MH(ci,. .. c) = RCISRCZS - S4RS,
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

(iv)K;m(al, ey azm)q =
[a1]4 q*
-1 [a]gr ¢

-1 [as]q g™
det ] / ]

—1 [a2m71]q q32m71

-1 [azm]qfl
a-1
[als ¢
-1
1 [l g°
a—1
1 [cslg g
Kk(Cl,...,Ck)q = det . .
1 [ck—1] c-1—1
k—1lqg 4
1 [Ck]q
=
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

Ky (a1, am)g 2K (a1, ...y 3am—1)g-1
M+ 2.....3 _ 2m\9l, y9d2m)q 2m—1 ’ »d2m q
q ( b ’ 2m) (K;m_l(ag, ey azm)q qazm K2+m_2(32, ey agm_l)q—l

o Ki(erseova)g —q%  Kioa(er, - - cke1)g
Mq(cr, - e) = (Kk—1(C2,-~,Ck)q —q% tKi_a(c2, - -, Cko1)g

(v) For [£]g = [a1, a2, -, d2mlq = [[c1, - cillg = 53,

R(q) = Kk(Cl, ey Ck)q = q‘32+a4+"'+32m*1K2+m(al, an,..., azm)q

S(q) = Ki—i(cr, ..oy ck)g = Cl""ﬁ""”'““2"’71K;rm_1(327 e @m)g

(VI) Kk(Cl, ey Ck)q = qcl+62+m+c‘:7kKk(Ck, ceey C]_)q—l
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q- deformatlon g-Analogue of continued fractions

g-Continued fractions and their properties

(vii) If (c1,. .., ck) is quiddity sequence of a triangulated n-gon one has
Ki(ct, .oy ck)g = Knck—2(Ckg2, - .-, Cn)gq

(viii) (g-Ptolemy relation)

Kl = Ki—ica(Givn, o oGo1)q (K =0, Ky =1)

=

KoK, = qot oKUK + KL KT, (1< i< j < k<t<n)
(Ptolemy-relation)
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q- deformatlon g-Analogue of continued fractions

g-Continued fractions and their properties

Example
5 =142 s=1+
and

omaes= (P 757) (F 57) = (5 65
s () (U ) (F (%)
(35 55

Mo(2,3)(1,1) _ 14g+2¢+q* _ Mg (1,1,1,1)(1,1)
I\/l( )( ) 1+q+q? - M;(l,1,1,1)(2,1)

=[1,1,2]=[1,1,1,1] =1— 1 =[[2,3]]

1+; -
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g-deformation g-Analogue of continued fractions

g-Continued fractions and their properties

-G Y0 2)EYE 2
Rgqugsq;(g })2(‘1) 3"?1) (g 1)3((1) _%1)_Mq(3,2)_
() %)

[Ug g

e (B0 9 ) =l - a= Ml = e | 0 B g

1o,
81y =[1.1,1,1)g = [[2.3)], = 52

R(q) = Ki(er, ..., ) = q=2 T2 LK (ay, ... aom)q

S(q) = Kk—l(c27 ey Ck) = q22+-“32"71K2+m_1(327 L) 32m)q
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g-Deformation of Markov triples and Markov equations

5 g-Deformation of Markov
triples and Markov equations
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g-Deformation of Markov triples and Markov equations

g-Deformations of Markov triples

Theorem1([K], arXiv2008.12913v3)

3 2
+1 -1 +q°+2g9+1 g+l B
Put Ay = (q J Zl) , By = < & quz € SL(2,Z[q,q7Y]),

(x,y,2) =
(trw(Ag, Bq)/[3lq: {trw(Aq, Bq)w'(Aq; Bq)}/1Blg, tr(w'(Aq, Bq)/[Blq) €
Zlq,q ')}
is a solution of
Xy + 27+ 7(q ;31)2 = [3]gxyz

for a Christoffel ab-words (w(a, b), w(a, b)w’(a, b), w’(a, b)).
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g-Deformations of Markov triples

Theorem2([K], arXiv2008.12913v3.)

If (x,y,z) = (aq, bg, ¢q) is a solution of

(¢-1)°
3

(x % q) X2+ y2 + 22+ = [3]gxyz

=

()?,y,Z) = ([3]qchq - aqa bqv Cq)a (X,}’;,Z) = (aqv [3]qach - bqa Cq)v (Xa}/af) =
(ag, bgs [3lgagbq — c4)

is also a solution of (x * g).
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g-Deformation of Markov triples and Markov equations

g-Deformations of Markov triples

Examplel
r(A:B r(A3B,A%B r(A2B _1)2
(t ([3Tq q))2 + (t ( q[3i7q q q))2 + (t ([337(7 q))z + (qq31)

_ {(q2+1)(q6+3 °+3 q:+3 °+3¢°+3q+1) 12 4

{ (q*+a’+a’+a+1)(a"*+5 9" +12¢"°+224°+32 4°+39 ¢"+43 ¢°+39 ¢°+32 " +22 ¢’ +12 4 +5 ¢+1) 124
q°

4 3 2 2
+@°+g°+g+112 | (9-1
{q = L37 = } ( 3)

2+1)(¢®+3¢°+3¢*+3¢*+3 ¢*+3 g+1
:[3]q{(q+)(q+ @+ q5+ C+3¢%+ q+)}

{ (q4+q3+q2+q+1)(q12+5 qu+12 q10+22 q9+32 q8+39 q7+43 q6+39 q5+32 q4+22 q3+12 q2+5 q+1)

q° }

4 3 2 1
{q +q +qt37 +9+ }

— 3] tr(A%Bg) tr(A%ByA%B,) tr(A2By)
- e 3 [3lq 3l
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g-Deformation of Markov triples and Markov equations

Castling transform and t-Deformations of Markov triples

Tree of
({(Fw(a,b) (1), Fu(a,byw! (a,6) (£), Fwr (a,6) (£)) } (w(a,b), w(a,b)w’ (a,b),

()T

w’(a,b))is a triple of Christoffel

Fanlt) _

T fatban ()

faan(t) T

/ \ o fa2ba2bab () —— =+

Fazvan(t) _i/\ o

S T farvabars(t)

fan(t)

 Jabasar2(t) :_:

Fabar2 (1) __

/ B fababrap2 (t) —— -+~
—

fabb(f)

fmlﬂ(tj :::‘ \

T faps(t) —

0

Figure:

Takeyoshi Kogiso (Josai University) Two deformations of a Markov Equation and related

~ _ favran(t) —_ .
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g-Deformation of Markov triples and Markov equations

t-Deformations of Markov triples

Theorem([K], arXiv2008.12913v3)
For Christoffel ab-word triple (w, ww’, w') ,

(fw(t), fWW’(t)a fW’(t))
is a solution of

X+ y?+ 22 4 (t—3) = txyz. 2
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g-Deformation of Markov triples and Markov equations

Relation of g-Deformations and t-Deformations

Theorem([K], arXiv2008.12913v3)

(i)For t-deformation f,,(t) and g-deformation of Markov number associated with
christoffel ab-word w,

=

fw([3lg/q) = ahw(q). (3)

(ii) There exists one to one correpondence between the set of g-deformation of a
Markov triple and t-deformation of the Markov triple.

(iii) For the value g such taht A;B, = B;A,

namely g=—-1orqg= etimV-1

=

x? 4+ y2 + 22 — 4 = xyz (Zagier type).
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g-Deformation of Markov triples and Markov equations

Relation of g-Deformations and t-Deformation

Example

() fen(a7 ' [3lq) = ¢ 2[3]3 — a7 %[3]; — 29 *[3]¢ + 1

=q*{q° +2¢° +2¢* + 3¢° + 2¢° + 29 + 1}

= qhazb(q)

(ii)qha2bab(q) =

q7%(q*?+4¢" +9q'°+164¢°+23¢%+29¢" +30¢°+29¢°+23¢* +164°+9g°+4q+1)
= (¢7'[314)° —2(a*B¢)°> —2(¢ 7 ![3]q)* +4(qa[3l¢)*+ (a7 ' [3]¢)* — (¢ [3]¢) —1
=t0—2t° 2t A3+ 2 -t -1

= fepap(t).

Advanced on Cluster algebras 2023 Online March 22
Takeyoshi Kogiso (Josai University) Two deformations of a Markov Equation and related / 58



Future Problems

Future Problems

Classify and charaterize prehomogeneous vector spaces coming from
F-polynomials associated to quivers of type A.
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Future Problems

Thanks

Thank you for your attention!
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