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Painlevé equation

Problem

Define a new transcendental function as a solution of a differential equation in the
complex domain.

The solution should be controlled by the differential equation. Hence we require that the
differential equation has no movable branch point (Painlevé property).

The differential equation

_1d
ny" 1d—ZZ:1 (n €N),

has a movable branch point. In fact, it has a solution y = (t — ¢)'/™.
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All of 1st order meromorphic ordinary differential equations with the Painlevé property
were classified by Fuchs and Poincaré in 19th century.

All differential equations of the form R(t,y,y’) = 0 with the Painlevé property are
reduced to the following 3 types of equations:

@ Solvable by quadratures
o y' = a(t)y® +b(t)y + c(t)
o y' =4y’ — g2y — g3 (92,93 € C)

At the beginning of 20th century, Painlevé and Gambier tried to classify 2nd order ODEs.

All differential equations of the form y"' = R(t,y,y’) with the Painlevé property are
reduced to the following 4 types of equations:

@ Solvable by quadratures
o Linear differential equations
Y’ =6y> — g2 (92 € C)

@ Painlevé equations Py, ..., Py1
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Discrete Painlevé equation

In 1990’s, Grammaticos and his collaborators proposed the singularity confinement as a
discrete analogue of the Painlevé property.

Consider a difference equation

axn
$n+1+xn—1:71_x2, To=p, x1=1+¢.
n

Then we obtain

_a a-+4p
R P

+0(e), z3=-14+e+0(?), z4=-p+O0().

Taking a limit e — 0, we can find that a singularity appears at x2 and disappears at 4.

v

That became a trigger for the discovery of various discrete Painlevé equations.
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Problem

How many 2nd order discrete Painlevé equations exist?

An answer to this problem was given as follows.

Fact ([Sakai 01])

The 2nd order continuous/discrete Painlevé equations are classified by the geometry of
rational surfaces as follows:

Symmetry/Surface type

elliptic Eg /Ay
multiplicative | Eg/Ao E7/Aq E¢/As Ds/As As/As FE3/As
E;/As ‘aﬁlzg JA7  AiJA;  Ao/As
additive Es/Ao E7/A; Es¢/As Ds/Ds As/Ds 2A1/Dg
As/Es |a"zl:4/D7 Ai/E7r Ao/Ds Ao/Es

Here the symbols Es and Ey stand for Ax + A1 and A1 + \a|124;14 respectively.
Blue-colored types correspond to the continuous Painlevé equations.
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(¢-)Painlevé VI equation

The Painlevé VI equation is described as the Hamiltonian system

dqg OH dp OH
t(t—l)az 81:]1’ t(t— )E:_ qu’

) K1 Ke — 1
H ) K =q(g—1)(g—t AL AL - ;.
vilko, k1, ke, K3, p] = q(g — 1) (g — t)p (p . -1 4 i > + kg

In 1996, Jimbo and Sakai proposed a g-analogue of the Painlevé VI equation, which is
described as

ff _@=tB)@—tB) g5 _ (f—ta)(f —tas)
azay (G- B3)(G—PBa) " Bsfa (f—as)(f —aa)’

where a1 8384 = qB1B2a3004.

t = qt,

Symmetry/Surface type

elliptic Es/Ao
multiplicative | Es/Ao E7/Aq Es¢/As Ds/As As/As E3/As
E,/As ‘a‘élzs JA7  Ai1/A;  Ao/As
additive Es/Ao E7/Aq Es¢/As Ds/Ds As/Ds 2A1/Ds
Az/FEs |a"421:4/D7 Ai1/E; Ao/Ds Ao/Es
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Cluster mutation

In this talk we use the following notations:
@ (Q is a quiver without loops and 2-cycles.

@ [ is a vertex set of Q.
® A= (Xij), jer is a skew-symmetric matrix corresponding to () as follows:
@ |If there are k arrows from i to j, then we set \; j =k and \;; = —k.

@ If there is no arrow between i and j, then we set \; j = A, ; = 0.

@ y; is a coefficients corresponding to i € I.
@ 1; is a mutation at ¢ € I, which acts on the coefficients as
Yy (j=1)
Z1\ s
)y Uy (Aij > 0)
pi(y;) = I
yi (L +ys) ™ (Aij <0)

o (i,7) is a permutation of 4,5 € I.
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Consider the following quiver Q:

. ] o 0o o0 0 -1 1 1 -1
—_—

o 0o o0 0 1 -1 -1 1

1\(' N o 0 0 0 1 -1 -1 1

T o 0o o0 0 -1 1 1 -1

l 1 -1 -1 1 0 0 0 0

5e—2 1 1 1 -1 0 0 0 0

Va1 1 1 1 -1 0 0 0 0

< 1 -1 -1 1 0 0 0 0

Fact ([Okubo 15])

In the above quiver QQ we set

T = (5,7)(6,8)uspeprps(1, 3)(2,4) 12 ps s

Then Q is invariant under the action of T'. Moreover, the action T on the coefficients
Yi,-..,Yys provides the q-Painlevé VI equation.

Fact ([Okubo 15], [Bershtein-Gavrylenko-Marshakov 18])

All of the q-Painlevé equations are derived from mutation-periodic quivers.
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9 Higher order generalization
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Generalized (g-)Painlevé VI equation

The Painlevé VI equation is obtained as the isomonodromy deformation of the Fuchsian
equation. We propose higher order generalizations from this point of view.

Fact ([Oshima 08])

Irreducible Fuchsian equations with a fixed number of accessory parameters can be
reduced to finite types of systems by the Katz's two operations (addition and middle
convolution).

Fact ([Haraoka-Filipuk 07])

The isomonodromy deformation equation of the Fuchsian equation is invariant under the
Katz's two operations.

Thanks to them, we have a good classification theory of isomonodromy deformation
equations of Fuchsian equations.
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We list 4 types of representative isomonodromy deformation equations below:
@ Garnier system
o Isomonodromy deformation [Garnier 1912]
@ Sasano system
o Okamoto initial value space and affine Weyl group symmetry [Sasano 07]
o Similarity reduction of the integrable hierarchy [Fuji-S 08]
e Isomonodromy deformation [Sakai 10][Fuji-Inoue-Shinomiya-S 13]
e FST system
o Similarity reduction of the integrable hierarchy [Fuji-S 09][S 13][Tsuda 14]
e Isomonodromy deformation [Sakai 10]
@ Matrix Painlevé system
o Isomonodromy deformation [Sakai 10][Kawakami 15]

Their g-analogues are proposed recently (but there is no classification theory):

@ ¢-Garnier system

o g-Analogue of the isomonodromy deformation [Sakai 05]

o Pade method [Nagao-Yamada 18]

o Birational representation of the extended affine Weyl group [Okubo-S 19]
@ ¢-Sasano system

o Birational representation of the extended affine Weyl group [Masuda 15]
o ¢-FST system

e Similarity reduction of the discrete integrable hierarchy [S 15][S 17]
o Pade method [Nagao-Yamada 18]
o Birational representation of the extended affine Weyl group [Okubo-S 19]

Takao Suzuki (Kindai University) Cluster algebra and g-Painlevé equation Mar. 24, 2023



Weyl group

Let J be an index set and A = [ay;]; ; ; the generalized Cartan matrix, namely

i = 2, a;j € Zgo, ai; = 0 & aj; = 0 (Z 76 ])

We define the Weyl group W (A) associated with the generalized Cartan matrix A by the
generators s; (¢ € J) and the fundamental relations

ri =1, (rr)™ =1 (i # ).
Here my; is defined by the following table:

Qi35 Q54

0f1]2]3]|>4
mi; [2|3]4]6] o

Let J ={1,2} and
air ai2| |2 -1
az az|  |-1 2 |°

Then W (A) is the Weyl group of type As with the generators 1,2 and the fundamental
relations

2 2
ri=ry=1, rirer; =rarira
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Affine Weyl group of type Ag\lf)—l

Let J =Zn(=Z/NZ). We set
2 =2
=% ]
for N =2 and
2 -1 -1
-1 2 -1 0]
-1 2
A:
0O 2 -1
—1 -1 2

for N > 3. Then W (A) is the affine Weyl group of type Ag\})_l with the generators
r; (i € Zn) and the fundamental relations

2 2
ro=ry =1,
for N =2 and
2
T, = 1, TiTi41Ts = Ti4+1TiTi+1 (aij = —1)7 riry; =TTy (aij = 0)

for N > 3. We denote the affine Weyl group of type AS;)_l by W(Ag\l,)_l)

Mar. 24, 2023
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Let €1,...,en,0 be a set of linearly independent vectors. We define vectors called simple
roots a; (i € Zn) by

apg =0 —€1 +en, O = €; — €i+1 (Z#O)
Note that § is called a null root satisfying

d=ap+...+an_1.

Then a free module Zao @ ... ® Zan—1 is called a root lattice, on which W(Ag&ll) can

be realized.

Let r; (i € Zn) be transformations on the root lattice called simple reflections defined by

To(51)28n+5, To(&‘n)zé‘l—(s, ’I“o(&‘j) =£j (j;él,n),
ri(€i) = €iv1, ri(eit1) =€, 1ilej) =e5 (@ #0, jAGi+1).
Then they act on the simple roots as

ri(ag) = a5 — aijou,

and satisfy the fundamental relations for W(Ag\l,)_l)
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Let 7 be a transformation on the root lattice called a Dynkin diagram automorphism
defined by
w(ei) =€i+1 (1 #N), w(en)=¢e1—0.

It acts on the simple roots as
(i) = Qit1.

We define transformations called translations T; (i € Z,) by
To=mrpn-1...711, Tho1=rp_1...1im, Ti=7r;i. .11 n-1...7541 (1 #0,n—1).
They act on the simple roots as

Ti(ai) =a; + 90, Ti(ait1) =ait1 — 0, Ti(ay)=a; (J#4,i+1).

The fundamental relations

71'n = ].7 TTri—1 = T5T, TiTj = T]‘Ti7 T() 0o .Tnfl = 17
rilio1 =Tirs, 1Ly =Tioary, vT; =T (j#i—1,4), nTi—1 =T,

are satisfied. Hence W(AS) 1) can be extended by a semi-direct product of groups as

(ro,...;rn_1,m) = W(AMD Vs (m) = (To, ..., Tu_1) ¥ (r1, .. Tn1).
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1 X Am 1 X A(l)

m— m—1

Extended affine Weyl group of type AL

mn—

Let Yli k] (i € Zmn, k € Zm) be coefficients corresponding vertices in the following quiver:

N N N

— [0,0) — [0,1] — [0,2] —

NN N N

— [1,0] — [1,1] — [1,2] —

NN N N

— [2,0] — [2,1] — [2,2] —
N N N

We define parameters corresponding to the multiplicative simple roots by

m—1 mn—1 mn—1
1=0 j=0 Jj=0

Assume that
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We first define Dynkin diagram automorphisms 7, 7', p by

m—1
T = ([0,k],[1,k+1],...,[mn—1,k+mn —1]),
k=0
m—1
' = ([0 k] [LM?"W[mn—lkaa
k=0
L%Jm 1
[—i, k —]).
i=0 k:O

Here the cyclic permutation is defined by

(N,N —1,...,2,1) = (N,N —1)...(3,2)(2,1).

They act on the coefficients as

Ty k) = Yusthr1]s T Wik) = Ytk PR = Yimik—i]-
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We next define a simple reflection o by
T0 = [[o,0]H[0,1] - - '/‘L[O,m72]([05 m —2],[0,m — 1])M[o,m—2] -+« H[0,1] #[0,0] s

They act on the coefficients as

Zkl_o Hk2 0 Y10,k+k2]
Zkl =0 sz 0 Y[0,k+k2]

Zkl 0 Hk2 0 Y[0,k+k2]
Zh 0 sz 0 Y[0,k+ko+1]
ZZ; 1O Hk2 o Ylo, k+k2+1]

Zkl -0 sz —o0 Yo, k+k2+1]

ro(Y[o,k]) = » ro(yne) =

70(Y[—1,k]) = Y[—1.k] ro(Yyk) = Yk (4 # 0, £1).

We also define simple reflections r1,...,7"mn—1 by

rj=n‘rjar (j=1,...,mn—1).
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In the last, we define a simple reflection so by
50 = [4[0,0]M4[1,0] - - ~/‘L[mn72,0]([mn —2,0],[mn -1, 0])“[777,7172,0] -+ - M[1,0] H[0,0] -

They act on the coefficients as

2n—1 —1 2n—1 i
. En =0 Hz; 0 Yli+iz2,0] . En 0 Hz; oyi+i2+1 0]
50(Y(i,0) = Sanet $0(Y(i,11) = Yii,01Y00.1] ~=zm—1 ;
Zzl =0 12 Oy[1+12+1 0] Zzl =0 12 Oy[1+12 0]

for m = 2 and

1 1
_ meo 12 =0 y[lﬂz 0] . ZZmo w 0 Ylitia, 0]
30(1/[7.’,0]) = Smn_1 ) So(y[m]) = Y1) <mn_1
i1=0 Hig:() Ylit+iz+1,0] i1=0 sz oy[1+1270]

Dy ) = Yiiia 10
50(Y[i,—11) = Yli—1] T ryi = so(yun) =y (1 #0,%1),
Zz‘l:o in= 0 Ylitiz+1, 0]
for m > 3. We also define simple reflections si,...,8m—1 and s¢,...,Sm,_1 by
Si=T ‘s (i=1,...,m—1),

and
si=psip (i=0,...,m—1).
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The simple reflections and the Dynkin diagram automorphisms act on the parameters as
follows:

T Sk S;C ‘ s ' P
aj | aja; "7 ay a; aGj+1 i1 a—j
b b biby, o b biyr b b
by by bbb TR b by b

Here the matrices [ai;]; ;o5 and [bwi], oy~ are the generalized Cartan matrices of
k2 mn ’ m

type AWM and AW 1 respectively.

mn—1 m—

Fact ([Masuda-Okubo-Tsuda 18], [S-Okubo 20])
Let

G={(ro,...,Tmn-1), H=1{(s0,...,8m—1), H = (50,...,8m_1),
G= (G,H,H', 7,7, p).
Then we obtain the following properties:
o G, H and H' are isomorphic to W(A(l)

i s W(Agill) and W(AS,llll) respectively.
@ Any two groups of G, H, H' are mutually commutative.

o G = (G H,H) » (m,7', p).
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Translations for m = 2

Let m = 2. We define translations 71, 72, 73 by
/ /7 —1
T1 = §181T T N T2 =7T¢...T2n—17T1...T;—1TTr1...7T2n—1, T3 =7T1...7T2n—181T.

They act on the parameters as follows:

b /
71(bo) = gbo, n(bl):j, T1(bo) = qbo, Tl(bll)ZEl,
T2(a0) = %, T2(An-1) = qan—1, T2(an) = %", T2(a2n-1) = qa2n—1,

a
13(a0) = qao, T3(a1) = ;17 T3(bo) = gbo, T3(b1) = e

Theorem ([Okubo-S 20])

The translations T1, T2, T3 provide higher order q-Painlevé systems as follows:
@ 71 : g-FST system
o 73 : g-Garnier system (of a Sakai’s direction)

o 73 : g-Garnier system (of a Nagao-Yamada's direction)
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Confluence of quiver

We define a confluence of vertices of a quiver i — j by replacing two vertices i, 7 and an
arrow between them with one vertex j.

R —

At the level of a skew-symmetric matrix, the confluence can be interpreted as follows:
@ Add the i-th row to the j-th row.
@ Add the i-th column to the j-th column.
@ Delete the i-th row and the ¢-th column.

o -1 -1 1
1 0 -1 1 41
1
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Degeneration of g-Painlevé equation

There exist the following degeneration structure between the g-Painlevé equations:

Ay

la2=8

e p

E8—>E7—>E6—>D5—>A4—>E3—)E2—>A1 A()

The degenerations from Ds to Ap are derived from confluences of vertices of quivers as
follows ([S-Okubo 20]):

We haven't derived the degeneration F's — Fr from confluences of vertices of quivers yet.
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EEE——

-« 3
Figure: Quiver Qp,

The quiver Q) p, is invariant under compositions of mutations and permutations

ro=(1,4), r1=1(2,3), r2=p(1,2)p1, 7r3=p5(506us, ri=(5,8),
s = (677)7 T = (1757276)(478537 7)7 T2 = (172)(374)(576)(77 8)

Fact ([Bershtein-Gavrylenko-Marshakov 18])

A semi-direct product of groups (ro,...,Ts5) X (m1,m2) is isomorphic to an extended
affine Weyl group of type Dél).

Remark ([Sakai 01], [Tsuda-Masuda 06])

A translation mirer170r2T37T57T4T3 provides the q-Painlevé VI equation.

The parameters corresponding to the multiplicative simple roots are given by
Ya Y3 Ys Y7
Qo = —, Q] = —, Q2 = Y1Y2, a3 = YsYe, Q4 = —, a5 = —.
Y1 Y2 Ys Y6
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Figure: Quiver Q 4,

The quiver Q 4, is invariant under compositions of mutations and permutations

ro = pip2(2,6)papr, T =(2,3), 7T2=p2(2,4)pu2, 13 = ps(5,6)us,
r4a = (677)7 Uyt :(175737774)(276):“2

Fact ([Bershtein-Gavrylenko-Marshakov 18])

A semi-direct product of groups (ro,...,T4) X (w1) is isomorphic to an extended affine
Weyl group of type AS).

The parameters corresponding to the simple roots are given by

Y3 Y7
a0 =Y1Y2Y, Q1 =-—, OQ2=Y2Y4, Q3 =17Ys5Y6, Q4= —.
Y2 Ye
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In the confluence 8 — 1 a degeneration of the coefficients is given by a replacement
Y1~ yi/e, ys — e,

and taking a limit € — 0. This limiting procedure induces a degeneration of the simple
reflections as follows:

@by | Torarsrares = pipsp2(2,6)popspr | T1 | roraro | T3 | 5

Qa, To r1 r2 T3 | T4

For example, the action rorarsrara(y1ys) in Qp, is reduced to the one 7o(y1) in Qa, as
follows:

I+y1+yiys +y1ys y2) (1 + ys + ys Y1 + ys Y1 Ys)
y1ye (1 +y2 +y2ys +y2ys y1) (1 + Ys + Ys Y2 + Y6 Y2 Ys)

y1—y1/e

vg—re (e+y1+y1ys +y1ysy2) (1 + e+ y1 + 1 ys)
yiye(L+y2+y2e+y2y1)(1+ys+yYsy2 + ys y2 €)
=0 1+y1+y19y6
Yo (L+y2 +y201)
=ro(y1).

We haven't clarified degenerations of the Dynkin diagram automorphisms 71,72 yet.

rorarsrare(yiys) =
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Toward a classification theory of the continuous/discrete Painlevé systems, we have to
consider the following problems.

Establish a g-analogue of the Katz-Oshima classification theory.

Problem

Formulate higher order elliptic difference Painlevé systems as the master equations.

It is important to consider the solution.

Problem

Give a particular solution in terms of the hypergeometric function.

Problem

Describe the general solution explicitly in the form of the asymptotic expansion.

For those purpose, we expect that the theory of the cluster algebra is a powerful tool.

Thank you for your attention.
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