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Frieze patterns

Definition (Frieze pattern)

In mathematics, a frieze or frieze pattern is a two-dimensional design that repeats

in one direction. Such patterns occur frequently in architecture and decorative art.
— From Wikipedia

Figure: Examples of frieze patterns

The sequence of integers {...,—2,—-1,0,1,2,...,} is also a frieze pattern in the
sense that we know how to "repeat": a,; 1 = a, + 1.
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Figure: Frieze patterns in architecture
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§1. Various frieze patterns associated to a Cartan matrix
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@ A= (a;;): r x r symmetrizable Cartan matrix, e.g., A= [_25 _23}

o [L,r]:={1,2,...,r} and [a]4+ := max(0, a) for a € R;

@ A mesh in the infinite strip Z x [1,r] is a diagram of the form

Vi
T
Y
(m, i) (m+1,i)
7
Y
Vsi

where Vs, = {(m,j) |j>i,a;; #0}and V; = {(m+1,j) | j<i6a,;#0}.

@ We are interested in the maps f : Z x [1,r] — R (ring) associated to A
satisfying certain "mesh type" relations.
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Generic frieze pattern

The generic frieze pattern associated to A is the (unique) map

u  Zx [1,r] = Qxa, -, )
such that

(a) u(0,i)=x fori=1,...,r;
(b) for each mesh starting from (m, i), we have a cluster type relation:

wA(m i) (m+1,0) = 1 [T (m )72 Lo (m+1,5)7

Jj>i 11
[T uA(m+1,j)"%
LIA(m7 /) uA(m+ 17’)
b d
Al s
[[s;u®(m,j)=%
Sl
Cluster type relations come from cluster mutations at a source or sink vertex. J
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Examples of generic frieze pattern

2 -1 . .
@ Take A= [ 1 92 Then the generic frieze pattern u” is given
A .ox 1+x 1+x X0
u — X1 X2
Xo 14+x+x X1 14+x
X1X2 X1
2 =3
@ Take A= . Then
-1 2
14x, G +(1+x)? 14+x7 4%
Xl 2 1 1 Xl
UA _ X1 X{ X2 X1X2
Xf’+(1+xz)3 x16+3x13xz+2xl3+(1+xz)3 1+X13
.. X2 Ox 3.2 T X2
1X2 X1 %5 x2

@ In the finite type case, the generic frieze patterns are periodic.
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Tropical frieze pattern

A tropical frieze pattern associated to A is a map f : Z x [1, r] — Z such that for
each mesh starting from (m, i), we have a tropical type relation:

F(m, i)+ F(m+1,0) = [ > (=a1) - F(mj)+ Y (—a) - f(m+1,j)] .
J>i Jj<i
We can compare it with cluster type relation:

uA(m, i) uA(m+1,0) = 1+ [T (m )= [T uA(m+ 1,72

J>i Jj<i

Remark
(i) Tropical frieze patterns were introduced and studied in [Guo’ 13];

(ii) Tropical type relations are obtained from the cluster type relations by
tropicalization over (Z,+, max);

(iii) Such relations are closely related with the final-seed mutation rule at sink or
source vertices for d-vectors in cluster algebras;

4
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Additive function

An additive function or additive frieze pattern associated to A is a map

f :Z x [1,r] = Z such that for each mesh starting from (m, i), we have an
additive relation:

F(m i)+ f(m+1,0)=> (—ai) - F(mj)+ D (=a;) - F(m+1,)).
i>i j<i
We can compare it with tropical type relation:

F(m i)+ f(m+1,0) = [ Y (=) - F(m.j)+ D (~ai) - f(m+1,j)] .

J>i j<i

Remark

Z"-valued additive functions naturally appear in representation theory by taking
Grothendieck group.
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Cluster-additive function

A cluster-additive function associated to A is a map f : Z X [1,r] — Z such that

for each mesh starting from (m, i), we have a cluster-additive relation:

F(m, i)+ F(m+1,0) => (=a;) - [F(mJ)], + > (—a.) - [F(m+1,))]

J>i J<i

We can compare it with tropical type relation:

f(m, i)+ f(m+1,i)

J>i Jj<i

Aim (i): Try to understand the cluster-additive relations introduced by
[Ringel'12]. Where such relations come from?

Answers: They come from
(a) sequence of initial-seed mutations for g-vectors;
(b) sequence of mutations for coefficients row;

(c) initial-seed mutation rule for d-vectors at sink or source vertices.
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Ringel’s bijection and cluster-hammock functions

Theorem (Ringel's bijection, [Ringel'12])

For each given m € 7, there is a natural bijection between the cluster-additive
functions associated to A and the points in Z", given by the restriction to m-th
slice

fis (F(m, 1), f(m,2),...,f(m,r)" €z

@ For each vertex (m, i), we have a unique cluster-additive function h(™/) such
that the restriction of h(™" to the m-th slice is —e;, where e; is the i-th
column of the identity matrix /,.

@ We call h(™") the cluster-hammock function at vertex (m, i).

@ Cluster-hammock functions look like:

* 0 =
-1 x
0
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“Cone structure" on cluster-additive functions

@ let f,g:7Z x [1,r] = Z be two cluster-additive functions associated to A.

@ f and g are said to be compatible (or sign-coherent) if f(m, i) - g(m,i) >0
for any (m,i) € Z x [1,r].

Theorem ([Ringel'12])

Let fi,...,f, be cluster-additive functions associated to A. Then the sum
fi + ...+ fn is cluster-additive if and only if any two of them are compatible.

@ As a set, cluster-additive functions are in bijection with the points in Z".
However, the set of cluster-additive functions has no natural linear structure;

@ Ringel's theorem tells us that the set of cluster-additive functions has some
“cone structure".

@ Aim (ii): try to understand this cone structure from the cluster theory.

@ One result is that: under certain bijection, every g-vector cone can be
identified with a subcone of the cone structure of cluster-additive functions.
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Ringel’s first conjecture

@ Take A= [_21 _23} . The following are two examples of cluster-additive
functions associated to A.

P 5 6 1 -1 5

v 117 -4 4 11

£ _ 7 6 -1 1 7

2T 13 5 -5 8 13

@ For A above, the generic frieze pattern u” : Z x [1, r] — Q(xq,

X 1+x0 X13+(1+X2)2 1+X13+X2
LIA _ 1 X1 x12x2 X1X2
- x ><13+(1—}—xz)3 xf+3x13xz+2x13+(1+xz)3 1+x]3
2 X]:?Xz )(13X22 X2

@ Ringel's first conjecture: For a finite type Cartan matrix A, if

sy Xp) IS

X1

X2

u(m, i) = u(n,j), then f(m, i) = f(n,j) for any cluster-additive function f

associated to A.
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Ringel's second conjecture

@ Keep the example before. A = _21 _23} and fi, f, are cluster-additive
functions associated to A.
o= 5 6 1 131y 5
11 7 —dpo 4 11
f o= 76 —lpy 1 7

13 5 =5y 8 13
@ Easy to check f; = 4h22) 4 31 and £, = 5h(22) 4+ K21 where h(m:)
the cluster-hammock function at vertex (m, i);

@ Ringel's second conjecture: For a finite type Cartan matrix A, any
cluster-additive function f associated to A is a non-negative linear
combination of cluster-hammock functions associated to A.

@ [Ringel'12] proved his two conjectures in type A and [Guo' 13] proved
Ringel's conjectures for type A, D, E.

@ Both Ringel and Guo studied the cluster-additive functions from the
perspectives of representation theory.
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§3. Cluster algebras part

=] & = E DA
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Seed pattern

Fix an initial seed & = (u, p, B), where

@ u=(uy,...,u,) unfrozen part and p = (ps, ..., ps) frozen part.

Denote by T, the r-regular tree rooted at a vertex ty.
We can form a seed pattern S := {¥; = (u¢,p, B;) | t € T,} on T, such that
o Zto - Z,

k

o ¥, = pk(X;) whenever t t' inT,.
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Tropical points

Definition (Tropical point)

Given a seed pattern S = {¥; | t € T,}. A tropical point
[g] ={g: €2 |te T}

associated to S is an assignment of a column vector g; € Z** to each vertex
t € T, such that we have an relation of matrix mutation

[Eth gr] = Nk[ét;gt]

k

for any edge t t’ inT,.

Remark

[Nakanishi-Zelevinsky' 2012] proved that the initial-seed mutation rule for
(extended) g-vectors of cluster variables in S is the same with the transformation
from g; to g given above.
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Acyclic skew-symmetrizable matrix By

@ Let A= (a;;) be a Cartan matrix and denote by

0 —a1p —a13 ... —air
o R A
’ ’ ’ <0 O
ar1 ar) a3 ... 0
the acyclic skew-symmetrizable matrix associated to A.
@ For the transposed Cartan matrix AT, we have Byr = —B]}.

@ Given a skew-symmetrizable matrix B. We say k is a source vertex of B if
the k-th column of B is non-positive.

@ Easy to see Ba = iy ... u2u1(Ba) and g, ... uau1(Ba) is a sequence of
mutations at source vertices.
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Acyclic belt
@ Keep A and By as before. Let {ZgBA) | t € T,} be the seed pattern with
trivial coefficients associated to Bj.

@ The r-regular tree T, rooted at to has a unique 2-regular sub-tree T1 with
the following form

r—1 r 1 r—1 r 1 2 r—1 r 1
- — t(—=2,r) — t(—-1,1) — -+ — t(—1,r) — t(0,1) — t(0,2) — --- — t(0,r) — t(1,1) — ---,

where each t(m, i) denotes a vertex of T, and t(0,1) = t,.

@ The acyclic belt associated to By is the collection of seeds on the 2-regular
sub-tree T
(P ety = (=0 [(mi) ez x 1]}

t(m,i)

(Ba) (Ba)
Z1:(:::1,1) Z1:(:1+1,1)

(Ba)  (Ba)
Z1.“(rl'r41,r) Z1.“(1)141-|—1,r)
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Generic frieze pattern and acyclic belt

Cluster variables on the acyclic belt are exactly the variables appearing in the
generic frieze pattern. More precisely,

Proposition

Given u* : 7. x [1,r] = Q(uy, ..., u,) and {ng;)i) | (m,i) € Z x [1,r]}. Then
(i) uA(m, i) is the i-th cluster variable of seed Z(tf;?,.);

i) The cluster uy, jy of ¥ (B s given by
(m,i) t(m,i)

uvA(m+1,1)

vAlm+1,i—1)
uA(m, i)
uA(m, i+ 1)

uA(r'n7 r)
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84. Our results

=] & = E DA
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Cluster-additive functions and tropical points

@ Keep A and B, as before. Recall Byr = fBE.

@ We will use cluster algebra A(—B}) to study cluster-additive functions
associated to A.

@ For a tropical point [g] = {g: € Z'" | t € T,} associated to —B}, we denote
by g(m,1),...,g(m,r) the diagonal of the matrix [g¢(m.1),- - - &t(m.r)]-
Theorem (C.-de St. Germain-Lu)

(i) Given tropical point [g] = {g: € Z" | t € T,} associated to —BJ. The map
Tig - (m, i) — —g(m, i) is a cluster-additive function associated to A. Thus

(Tig(m,1),..., Tig(m,r)) = —(g(m,1),...,g(m,r)).

(i) The map T : [g] — Tg induces a bijection between the tropical points
associated to —BJ and the cluster-additive functions associated to A.
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d-compatibility degree

@ Forany 0 #£ b e .A(E) and any seed X ;, we have the Laurent expansion

N(U]_;t—7 ey Ur;t)
b= o d_
ul;t P ur;t

where N € Z[p][u¢] is coprime with each uj¢ € ug;
@ The integer vector (di,...,d,)T is called the d-vector of b w.r.t. seed ¥;;

@ Each dk only depends on b and uy.;, not depend on the choice of cluster
containing ug., c.f., [Cao-Li’ 20].

o Call d the d-compatibility degree of b w.r.t. uy.; and denote it by

(Uk;t || b)d = dk.

@ Next result is using d-compatibility degree give an realization of all the
cluster-addition functions.
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Cluster-additive functions and d-compatibility degree

o Let u"" :Z x [1,r] = Q(uy, ..., u,) be the generic frieze pattern associated
to the transposed Cartan matrix AT;

@ Each u”" (m, i) is actually a cluster variable of A(Byr) = A(—BY);

Theorem (C.-de St. Germain-Lu)

Let [g] be a tropical point associated to —Bj and Tg the corresponding
cluster-additive function associated to A. Then there is an element upg) in
A(—B}) such that

T

T[g](m7 i) = (UA (ma i) || u[g])d-

Corollary

Ringel’s first conjecture is true for any Cartan matrix A (even infinite type).

Proof: uA(m,i) = uA(n,j) = uAT(m, M= uAT(n,j) = Tg(m, i) = Tig(n,J).
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Sign-coherent set of tropical points

Let B be an r x r skew-symmetrisable matrix and U = {[gV], ..., [g(?]} be
a finite (multiple) set of tropical points associated to B;

Write [g()] = {ggi) €Z" |teT,}fori=1,...,q and take the formal sum

q

STlel={> g teT.}.

lelcU =1

In general, Z[g]eu[g] does not form a tropical point associated to B.

We say that U = {[g(V)],...,[g(®]} is sign-coherent, if each row of the
matrix [ggl), o ,gﬁ")] is either non-negative, or non-positive for each t € T,.

Easy to check: If U is sign-coherent, then the sum ;. [g] is still a
tropical point associated to B.
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Sign-coherent decomposition of tropical points

Definition (Sign-coherent decomposition)

Let [g] = [g™] + ... + [g(9)] be a decomposition of tropical points associated to
B. We say this decomposition is sign-coherent, if

U={g"],....[g9]}

forms a sign-coherent set of tropical points. In this case, we denote by
el = M w... v [gl)].

Each sign-coherent decomposition of tropical points induces a decomposition of
cluster-additive functions. More precisely,

Proposition
If [g] = [g(l)] & ooo [g(q)], then T[g] = T[g(1)] A 000 AR T[g(q)]. J
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Cluster monomials and tropical points

@ A monomial in cluster variables from the same cluster is called a cluster
monomial.

@ Let w € T, and a € Z". Denote by [(a,w)] := {g: : t € T,} the unique
tropical point associated to B determined by g,, = a.

@ Let b =u? € A(B) be a cluster monomial in seed X,,. Then b corresponds
to tropical point associated to B via

b [g(b)] := [(a, w)],

which is well-defined, i.e., it does not depend on the choice of w and a.
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Cluster monomials and cluster-additive functions

Recall that vA : Z x [1,r] = Q(u1,...,u,) denote the generic frieze pattern
associated to the transposed Cartan matrix AT.

Proposition

Let b=u? = uj', - u}, a cluster monomial of A(—B}). Then
(i) Tigey(m,i) = (uAT(m, i) || b)g for any (m,i) € Z x [1,r];
(i) Tigon = a1 Tig(ana)) + - - + ar Tig(uro)]-

(iii) Suppose that uk.. appears in the generic frieze pattern, say, uy.; = uAT(n,j).
Then Tg(u,.y) = h("9) is the cluster-hammock function at vertex (n, j).

Corollary

Ringel’s second conjecture is true.

Proof: Key reasons: In the finite type case, (i) each cluster-additive function can
be given by a cluster monomial of A(—B}) and (ii) each cluster variable of
A(—BJ) corresponds to a cluster-hammock function.
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Duality of d-compatibility degree on the acyclic belt

We mainly use cluster algebra A(—B}) to study the cluster-additive functions
associated to A.

Actually, cluster algebra A(Ba) can be also used to study “some" nice
cluster-additive functions associated to A, for example, cluster-hammock
functions.

Theorem (C.-de St. Germain-Lu)

Let h("4) pe the cluster-hammock function associated to A. Then

(W (m, i) || o™ (n,))a = HD(m, i) = (uA(n,5) || o (m, D)o
Namely, for any two cluster variables x, z on the acyclic belt of A(Ba), we have

(x |1 2)a = (2" Il x*)a,

where xV

and zV are the corresponding cluster variables in A(—B}).

v

In general, the above duality does not hold for arbitrary cluster variables x and z.
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