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1. Introduction

Itis classical subject to understand categorical
concepts in representation theoryof quivers in terms

of rootsystems:

Theorem (Gabriel)
&:Dynkin quiver of type ADE

[indecomposable
rep ofa)/1=:= > I

+(0)

M 1- dim 1



~> Wantto consider any orientation simultaneously.

I Gelfand - Ponomarer introduced an algebra, which contains
path algebra for any orientation as sub. alg.

& us

· - .- a "double"
Ta ../ rel.

2 Geiss-Leclerc - Schrier introduced quiver algebras
ass.w/ symmetrizable GCM C & its symmetrizer.

H(2,D,) "double"
T(C,D)

(When C =TC, D = Id, they are consistent to 11.



Aim of this talk

E. Frenkel - Reshetikhin introduced a deformation of CM.

q+ +2t - 18+87
c =(22) b =(*a) m c18,+)= I -

-1 &= +t

There are several known definition of deformation ofGCM. 1=: DGCM)

beyond finite types ([Nakajima, Hernandez, Kimura-Pestun]).

We presenta novel DGCM which is interpreted bygraded
structures ofTIC,D1.



categorically
interpret

T(C,D) - modules nee symmetrizable GCMC.

I I
??

graded TT(C,D)-modules mee C (8,t,M)

2. We prove some purely combinatorial properties of (18,t,M)
and relevantconcepts (deformation ofroot system, braid group
action e.t.c.).
& For finite types, "E-graded str on FCC.D1"is equivalentto consider

certain quiver with potential in cluster theory ([Hernandez-Leclerc]).

~ Are there nice characterization of graded str. on TIC.DI
for general types?

&We make a toy model organizing (8.7.1)-comb, from several
contexts.



1. PPA & DGCM

C =(Cij) =MatwIR):symmetrizable GCM
i.e..(ii=2 (Viel) (I= =[1, . .- ,n3)

· Cij tRco (itj), CisC0 Et CjiCO

=D =Matn(Rro) diagonal s.t."DC) =DC

·We fix a symmetrizer D =diag(d.---,du).
· We assume I is connected.

2 - 2

r==(cm(di/i=I) e.f( S
-42
(nb =(2 1S

gij= =gcd //Cij), (Ciil) (i=5) r =(cm(2,1) =2212 =922 =g(d)2.4) =2

fij: =(Cis)/gis (i +j)
I
f1z =z ==F21 = =2.



Def

acyclic,orientation
&= =a(c,2)
&==I =[1,..-,n3

&n :=(ai; Cisco, bi,e, 12 [8ijbH9ij.-
c

E1 E2
(1)

- &21 Ch
e.g.1C =(22) -1 -- &

->
127 2
&zz

↑ take orientation (2.1)



&

AreID:C ...⑪ SxLef (GPPA) &*

Define the PPAIT: =TIC, D) as a doubleke w/ rel. P1-P3
(D=eD (l =Rx0))

re/di
P17 Ei =O

fig181 istreate."InitsP2) E:dij =dijEj

P3) (ried;E san(i. il ???s grz-t_o
St.2ij<0

(8gn (i,j) =(it(
Rem &M does notdepend on the choice of orientation up to ison.

& It is finite dim'l/1 ) 2:finite type.



· Conventions ofdeformation parameters & gradings

T =
=mult. abelian grp

gen. (8, t3 HEM?! I Cijc0,1= 1 = 8i53

rel. Missis= 1
free abelian of rank

↓ 2 tiee Sit

· We have * itidecis,*&P =gx +* =M*

· RCP] =the ring of Laurentpoly.
~I Git, MI (iijer.

· For finite types, 4i,j)e Ix1, Mi,j: = Miss Mizie.....MiRid
(ini= i2 r.. - (krj)

Iwell-defined byrel.)



We define DGCM C18.t,M) of a as

gdift+G-dit (i =j)
Cij (8,t,1) = = S

- (ij]gdir (iti

Rem2"TC 18,t, M) F (TC) (8.t.1)
"

&Our DGCM recovers

·Frenkel - Reshetikhin (all finite types after 1 -11
· Kimura-Pestur xinj, fi= 1 or fii=1(1)

all finite and affine types satisfy(*)S all symmetric types I S



9.8.1)

2+ +gt -M =2(8+8-7)
c =2i ~ 2(8,t,1) =S I

- M21 q2
7
+g2t I

det C18.4,M) =gt+gt2 =gt(1 +9+4)

I (8,t,1) = get u8t) e
= MatIR[Po] (t))

[ii(8.t):=(Ci=(8,+)] m ==
=2airgt (is(n.UIeR
n,y

· [ij)-n-6, 0+4) = -[is(n.-U)

(A) are invariantunder 18.5)-> (9)
with non-negative coefficient.



2.8.2)

c =122 I (not invertible

2t
=
+87t - (M +wiel

<(8,t,M) = S
- iu +e? 8+

+g
t
t I

det (C18.4, 11) =Et2-(Mn+e) +gt
e(R[To]K+1))

*

m 218.t.1) is invertible in
Matn (R2Po] KtD) ·



IP- graded vector space)

V =sep Vg:locally fin. (i.e. FgeT, dimk Vs <c

~.dimpV=dimi (Vs) & eRIPD.

·For eeP, ecV:= Veits.

More generally, for a =as2 eRc,o4PD

nea. (SV*98
I va:locally fin ->dimp*9=a.dimp V.)



Def (P-grading onTil

des(a?=gditic-M! deg (9:)=82di

4 =t
*
x Po

~For V =geV, Un:=poVig (ne R1I (Van :=Um, Van :=anUm ).
I

· i satisfies =Iso & dimTIn<a (YmE2>,0)

the category ofP-graded it-modules 17
Def. T-mod*":=

S.t. M =MIn & dimpMm< (*m>n)

· T-modt: =ERH-mod,
1They are abolian categories (



Det we have a filtration ofsubgrps KLT-mod**")

R)I -mod?) = =limK(I-mod*)/K)T-mod**
n

~. K(T-mode) has a natural R(o]I+1-mod. Str.

I a [M] =[189+] - [M49-7
a+ ,a- eR>o(Yo](1+)) s.t. a =a+ - a-

· FIT-mod) has a free R[Po](+1)-basis

\[]3je I
simple module



Rem. It can be considered as a Jacobian algebra of
the quiver &with the algebraic potential

W = insani, is disser
irj

with relation (PI): g,redi =0 (ieGol .

· Any G-grading (G:free abelian) s.t. Wis homogeneous
11

factors through":= (Im(deg:&1 +P1) < P

H:
=((a)/aca=)/Wis homogeneousl

deg
H/tous ->p

-

10
G



Aim Explain DGCM via I-graded Euler-Poincarepairing:

(M, N)+= =E) -z1*dimptor/MY, N1.
where. (-74:I-mod -> HOP-modi

induced from an involution 4:T ->HiP

·(ei) =ei,4(!) =x24(9) =2:
⑮

fork:1-th left derived functor ofMHMAN

2. This pairing is well-defined as an element of RDTD by

Fy eP for (MY, Nr =0 for RD0.



Lem (Geiss-Leclerc - Schroer, Fujita -M1.

-1-qdit(ij (8,t,M)P(
g-2dizP; 4, Pa >P >Ei >O.

exact

IEi:maximal self-extension of Sil
S Wo(vi)=-Wit

&C:infinite type =>Kew 4(il =0

& C:finite type =>Ker 4(i) -girhithablet.Plus
g-dit (Cis(bit,M)-grtMi (itj(8,t,1)

u (Ei,Sj)p= S 1 - g-zwhr+2h (finite type)

gd"t (ij (8,t,M) linfinite type (



gPt (id-gt Miitr)
1- (grh th) 2 C(8.t,M)

m

(Ei, Si)pijeI= I (2: =(Siit)i,jeI)
18|

q
-P
+ C (8.t,1)

Since (Pi, Sj3p =Sij, we introduce a module P:
S.t. <P,, Ej)p =Sij. (5, = =(4/aile:(

> Id =(<Pi, Sjbp)ijet= (dimpeiFn). (<Ee,Sjp/e. jeti,kI

By (N1, we have a formula of18.t,M).



Cor In RSPo] (lt1),

&is (8, t,MI

-_Etch (dimp leis)-grtemistdimp (eixPr)
sfinite type/

② is18.t1) =g-ditdimp (eiFs) (infinite type l

The (Fujita - M:positivity of infinite type (

7:infinite type =>[ij(8,t, 1) ER>o[To]ItD

%: dimension ofvector sp is non-negative.)



For finite types. (for simplicity1 -1)

Cor (Kashiwara-Oh 18-1), Fujita- M1

The coefficients (Cij/4, r)3n.NeR satisfy

&Eis(n.)=-cij(n-rh, wth) (Yn=0,Yx0
I periodicity of proj resol. (

&.Eis(u,U) -0 (-rh=uso,o(v(h)

Idimg,t eiPj=g-ditzis(,)g
③. Eij(-rh" -u,h- v) =cij(u,v)( - rh=0,0(h)

IK-dualityID(P:4) =q2di-rh"th-2 I*(



Braid group action on deformed rootlattice

&P = =k(N)xRa =R(P)x:.

(2:, Xj)P = =[diJg(ij (8,t, M)

(This satisfy (ax, b1)p =a4b(x,2)5,kx,2)4 =(a,e
(*x, 1 eQ, a,b c (P) (

· SaY3: coweights (dual basis of [xi3icIwirt.), 15 (

· Y:=gdit(did:(li, dalp=g-dit(i(8,t,All
· wi:=(di]ge."



KIT-modt) vs &

IF = =kIPo)It)) and DF:=RPERIN #.

Lem Take KeE#, st. Ke =gr[re]gt

=#-linear isom Xe:R(M-modt)# ->&#
-1

· di =xe. Xe([Si3 a=1e Xe([Ei])
, =xe Xe([PiS) wi =g-ditke Xe/[F;])

id -g-which
where I:=

1 - g-2hV-2h I finite (

F-lin. auto S id sinfinitel

(U(ai) =Mixidit)
· (x,2)p =(EXe(x), xe(2))p (*x,1eR(I-mod,)#



G g,t

Def (Chari. Bouwknegt-Pilch, finite types (
⑫(P)-linear auto T:of &
Tix = =x - (x,,x)+xi (x &p)

(18.5, 1) - analogue of simple refl)

We will see Ti (iEI) define braid sup action

by an analogue of LAmist - Iyama-Reiten - Todolor] ·

Fact J: = =π(1- ei) T

C:infinite type => J:has proj dim at most 1.

m We have JiGM EDP(T-mod!) IYMET-modi



By (Jiei] =[Pj]-Sij [Ei]

(5:M) =[M]-<Ei, M) p[SiS

=>xe(Ji,M3 =xe[M]-IIa?, xe[M3lxXi.

:. 2:infinite type =>Xe[J,M] =Tixe[M].

The (Chari (t.-> 1), Fujita-M1
&TibieI defines an action of the braid sup.

ass, to (W, S,3ieI)

TiTj =TITi (Cij=01

T: TITi =TITiTj (Cij (ji =1)I
ITiT)* =IT:Til

R
(Cid (ji =k w/kt (2.34



Isketch) Infinite types
e. 8.) Cij. Gji= 1

· jiJi=5:JJi =J:5
· J:Jj5i =55J:Jj ([Buan-Iyama-Reiten -Scott, FurGeng]/

~JJi5;
~TiTiTi=TITiTj

1 Byrestricting untwisted affine type, we can

prove for finite types. (



·Numerical formula of18.t.1) via braid gup action

We have a nice filtration
T =Fo xF13...

FR =Ji......JiR (S.t. this satisfies (FR =0)

Fr-zei/FRei Jiz..-JiR-TE: (iR= i) ((>,1)E
0 (other (

:. In RIT-mody), we have
Spi) =E, (Fr-ie: /Frei)r=iJi--- Ji-z *n Eil

~> wi= gditinTie---Tir-di
Xe



We take (iz, i2,---) be a seq in I

S.t.

· (finite type) Ciz...., ie): red, word of woeW

ik+l =iE CFR) (*)·(infinite type I subseq (i1....,is) is reduced (RI
19K) ik =i31 =0 (VicI)

By the rel. 2: =E Cii(8, t,M1Es, we have

finite
Ihm (Hernandez-Leclerc (ADEdred. expression adapted to

Fujita - M (general with (Al the quiver
8-1, u +1)

Eis 18,t,1) =g4ta*, Tie.--Tin- dilP
iR =j (V;,jcI)



Thank you verymuch!!


